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Referat
Die Spektrale Leitfahigkeit ikosaedrisher Approximanten zeigt Feinstrukturen (100
meV) die das besondere elektronishe Transportverhalten der Quasikristalle und Ap-
proximanten erklaren konnen. Der Ursprung diese spektralen Feinstrukturen liegt
im Zusammenwirken der typishen mehrkomponentigen Atomluster des Systems.
Das Konzept stellt Struktur und hemishe Dekoration auf der Langenskala der
Cluster uber ausgedehnte Quasiperiodizitat.
Ab-initioMethode mit und ohne periodishe Randbedingungen werden hier angewen-
det, um das Zusammenwirken der Cluster fur niedere Approximanten ikosaedrisher
Quasikristalle zu untersuhen. Deshalb werden die Linearen MuÆn-Tin Orbitale in
einem Superzellenkonzept, die Tight-Binding Linearen MuÆn-Tin Orbitale in einem
Cluster-Rekursionsverfahren und die Landauer/Buttiker-Methode in dieser Arbeit
eingesetzt.
Auf der Grundlage der ab-initio Ergebnisse werden spektrale Modelle (Lorentz-
Funktionen) fur den spektralen spezishen Widerstand gebildet. Der

Ubergang
zum Quasikristall erfolgt durh Skalierung der Modellparameter auf der Grundlage
der gemessenen Thermokraft. Die optishe Leitfahigkeit und die Temperaturverlaufe
des Widerstandes, der Thermokraft, des Hall-KoeÆzienten und der elektronishen
Warmeleitfahigkeit einiger ikosaedrisher Systeme werden so durh je zwei Lorentz-
Funktionen beshrieben.
Wir zeigen, dass die Transportanomalien zusammen mit den spektralen Feinstruk-
turen empndlih vom Subsystems des jeweils aktiven

Ubergangsmetalls abhangen
(Orientierung und Dekoration der ikosaedrishen Cluster).
Shlagworter
Quasikristalle, Ikosaedrishe Cluster, Pseudogap,

Ubergangsmetalle, Elektronishe
Transport, Kubo-Greenwood Formel, TransportkoeÆzienten, Linearen MuÆn-Tin
Orbital, Tight-Binding Linear MuÆn-Tin Orbital, Landauer/Buttiker Leitwert.
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Chapter 1
Introdution
Quasirystals open a new lass of matter in the solid state between the amorphous
and rystalline systems. The interest to understand the physial properties of these
systems was rapidly growing. The only geometrial point of view, that the new
materials an be arranged in quasiperiodi order is interesting and was a ruial
point to hange the standard ideas of the rystallography. Sine the disovery of
the rapidly solidied Al-Mn quasirystal in 1984 [Shehtman 84℄, hundreds of new
alloys have been observed with quasirystalline symmetry.
The eletroni behavior of quasirystals reveals very interesting properties. For ex-
ample, materials with abundant ontent of aluminium (that is a good metal) and
poor in transition metals, suh as Al-Pd-Re, Al-Pd-Mn, Al-Cu-Fe, Al-Cu-Ru, show
high resistivities lose to a metal-insulator transition. This is not due to the disorder
in the system, as the Anderson transition, but a new "parameter", that may depend
on the quasiperiodiity and on the hemial order of these systems must be taken
into aount. Moreover, the temperature dependene of the resistivity behaves non-
metalli, the Hall oeÆient is three orders of magnitude larger than for related
amorphous phases, the thermopower hanges its sign with temperature, the thermal
ondutivity is two orders of magnitude lower than in f-Al.
The onsequenes of quasiperiodiity for the eletroni transport properties were
intensively studied using very simple Hamiltonian models (tight binding Hamil-
tonians: s-orbitals, and nearest neighbors interations only) and ab-initio band-
struture alulations. In the latter one, the eletron was treated as ballisti (Bloh-
Boltzmann theory). Very few alulations of the eletroni transport of realis-
ti materials were arried out using the Kubo-Greenwood formula. Strong ex-
perimental evidenes (for instane, very high resistivities, hanges of sign of the
Hall oeÆient/thermopower with the temperature and hemial omposition) show
that the eletrons do not behave as being nearly free. Theoretial disussions
[Sire 94, Yamamoto 95a, Fujiwara 96℄ show the limitations of semi-lassial alula-
tions for the eletroni transport of quasirystals. In this sense, here it is intended
to study the eletroni transport of quasirystalline materials employing the Kubo-
Greenwood formula. This formula allows to employ k-spae methods (for unit ells
with 250 atoms) as well as r-spae methods (together with the reursion proedure
2 Introdution
one an treat lusters with more than 1000 atoms).
The question if the above mentioned anomalous properties arise from only the
quasiperiodi atomi arrangement or from the hemial order, or from both, is a
matter of prinipal interest in this work. Our starting point is the investigation of
spetral ne strutures in the density of states around the Fermi energy, both as
results of theoretial and experimental works. Suh features of the density of states
around the Fermi energy, do not appear in other amorphous and rystalline phases
of similar onentrations. Hene, it is expeted that these ne spetral features are
the origin of the unusual eletroni properties of quasirystals.
Moreover, we will omment on the potential appliability of quasirystals in the in-
dustry. Pratial appliations for whih quasirystals may prove suitable are derived
from their physial and hemial properties. Speially exiting properties for indus-
trial appliations are low oeÆients of frition, good wear-resistane, and good
oxidation-resistane. Indeed, appliations of these materials exist already in the
marketplae. Non-stik ookware an be purhased whih ontains a quasirystal
oating, rather than a teon oating, and whih is impervious to srathing by metal
utensils.
The present work is organized in the following way. In Chapter 2 we review the
strutural and geometrial properties of quasirystals. The hapter 3 is devoted to
disuss about the basi onepts of the eletroni transport and their appliability
to quasirystals. The relation between spetral ne strutures and anomalous trans-
port is treated in hapter 4. The importane of extended quasiperiodiity and/or
hemial sensitivity to explain the eletroni properties of quasirystals is disussed
in hapter 5. Ab-initio methods, suh as the LMTO-ASA superell method, the
TB-LMTO luster reursion, and the Landauer/Buttiker approah, are presented.
In Chapter 6, spetral ne strutures, on the 100 meV sale, are shown. They
an explain onsistently the temperature dependent transport oeÆients, suh as
the ondutivity, thermopower, Hall oeÆient, and eletroni thermal ondutiv-
ity. The i-Al-Cu-Fe quasirystal is taken as an example. The spetral properties of
i-Al-Pd-Re approximant models are presented in hapter 7. The temperature de-
pendent ondutivity is modeled for samples ranging from 1635
m to more than
25500
m. The possible senario of a metal-insulator transition is also disussed.
Chapter 8 deals with the optial ondutivity of low order approximants. A model
for the optial ondutivity of quasirystals is also presented. The possibility to
apply iosahedral quasirystals as thermoeletri devies is disussed in hapter 9.
Finally, the relation of ltered eletroni wave funtions and transport is studied in
hapter 10.
Chapter 2
Quasirystals among related
phases
2.1 Quasiperiodiity
The atoms in quasirystals are arranged in a deterministi nonperiodi fashion. This
arrangement gives rise to striking properties, suh as i) sharp diration patterns
with rotational symmetries that are forbidden by lassial rystallography, ii) long-
range order without translational symmetry, iii) embedding in an n-dimensional
reiproal lattie gives a periodi n-dimensional struture, and iv) no average stru-
ture in three-dimensions (non-rystallographi point symmetry).
The previously disussed strutural properties of quasirystals hinder to desribe
them in three-dimensional spae as easily as normal rystal strutures. The re-
etions of normal rystals are haraterized by only three integer Miller indies.
This is due to the three-dimensional translational periodiity of the struture. On
the other hand, if we intend to do this in quasirystals, at least ve basi vetors
are neessary. Thus, we need ve Miller indies for polygonal (two-dimensional)
quasirystals and six Miller indies for iosahedral quasirystals. Hene, the ve
(six) vetors span the reiproal spae to ve (six) dimensions. Therefore, there
is also a ve (six) dimensional diret spae from whih the struture an be built.
This means, a quasiperiodi struture an be projeted from a periodi one in a
high-dimensional spae of ve (six) dimensions. This way to desribe quasirystals
enables us to desribe the whole struture with a nite set of parameters.
The omplexity of the struture of quasirystals, in omparison with other phases,
an be summarized as follows: quasirystals are long-range ordered strutures (in
dierene to amorphous phases), without translational symmetry (in dierene to
rystals), and they have no average struture in three-dimensions (in dierene to
inommensurable strutures).
4 Quasirystals among related phases
Cut-and-projet method
In order to understand the onept of high dimensionality for the geometrial de-
sription of quasirystals one an employ the ut-and-projetion method [Katz 85,
Kalugin 85, Katz 86, Elser 86℄. The onstrution of an iosahedral Penrose tiling
serves as a basi example.
For iosahedral quasirystals we must embed the three dimensional quasirystal in
a six-dimensional spae. In this ase, the six dimensional spae is a simple ubi
lattie with lattie onstant a and unit-vetors,
e^
1
= (1; 0; 0; 0; 0; 0)
e^
2
= (0; 1; 0; 0; 0; 0)
.
.
.
e^
6
= (0; 0; 0; 0; 0; 1): (2.1)
From the origin of this lattie we an draw a three dimensional spae whih is alled
the parallel or physial spae, E
jj
. The spae perpendiular to E
jj
is alled the
orthogonal spae, E
?
. For example, for the one dimensional ase (Fibonai hain),
the hyper-spae is a two dimensional simple ubi lattie and the physial spae is
a line rossing the origin of this lattie with slope 

= (
p
5 + 1)=2.
Now, to obtain the quasiperiodi struture in E
jj
one must projet those points
of the six dimensional ubi lattie onto E
jj
whih have projetions to E
?
inside
the aeptane domain. This aeptane domain is obtained by projeting the six-
dimensional unit ell onto E
?
, in this ase a triaontahedron. That means, a point
x = a  (n
1
; n
2
; n
3
; n
4
; n
5
; n
6
) of the six-dimensional ubi lattie is projeted onto
the parallel or orthogonal spae by,
x
jj
= P
jj
(

) x
x
?
= P
?
(

) x : (2.2)
Only when x
?
lies inside the triaontrahedron, x
jj
is a vertex of the quasiperiodi
struture. The projetion matries P (

) are dened as,
P
jj
(

) =
1
p
2(2 + 

)
0

1 

0  1 

0


0 1 

0  1
0 1 

0  1 

1
A
; (2.3)
and
P
?
(

) =
1
p
2(2 + 

)
0

 

1 0 

1 0
1 0  

1 0 

0  

1 0 

1
1
A
: (2.4)
It is also important to note that the projetion-matrix P
jj
(

) ontains the required
iosahedral symmetry with basis vetors a
1
= (1; 

; 0); a
2
= (

; 0; 1); a
3
=
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(0; 1; 

); a
4
= ( 1; 

; 0); a
5
= (

; 0; 1); and a
6
= (0; 1; 

) in the physial
three dimensional spae ( = a=
p
2(2 + 

)).
This geometrial desription of quasirystals provides the orresponding diration
patterns found experimentally (see [Tsai 99℄ and referenes therein). Geometrially,
quasirystals are lassied as otagonal, deagonal, dodeagonal, or iosahedral.
Moreover, otagonal, deagonal, and dodeagonal quasirystals are desribed as
a periodi staking of aperiodially ordered planes (two-dimensional quasirystals).
Iosahedral quasirystals, on the other hand, are quasiperiodi in the three prinipal
axes (three-dimensional quasirystals).
2.2 Formation and stoihiometry region
The formation of quasirystals is losely related to the loation of the elements
in the periodi table [Tsai 99℄. Iosahedral quasirystals are ommonly assoiated
with rystalline phases ontaining iosahedrally paked groups of atoms [Tsai 99℄,
and they are eletronially stabilized.
Several quasirystals that are thermodynamially stable an be grown employing
onventional rystal growth tehniques. Quasirystals of high strutural quality,
suh as the Al-Pd-Mn [Yokoyama 92℄ and the Al-Ni-Co [Kortan 93℄ alloys, have
been grown with sizes of the order of 1 m.
Phase diagrams have been redrawn to inlude quasirystals. Quasirystals o-
upy narrow omposition regions, and they are normally surrounded by rystalline
and amorphous phases. Phase diagrams of dierent iosahedral phases an be
found in [Tsai 99℄. For instane, the omposition region of the iosahedral Al-
Cu-Fe quasirystal lies between Al
64:5
Cu
23
Fe
12:5
and Al
62
Cu
26:5
Fe
11:5
[Tsai 99℄. At
953 K, the omposition of the iosahedral phase extends over a triangle with ver-
ties of (Al,Cu,Fe) ompositions of respetively (62.4,24.4,13.2), (65,23,12), and
(61,28.4,10.6) [Gratias 93℄. This is a very small omposition region in omparison
with the existene region of related amorphous and rystalline phases. For exam-
ple, the -phase with CsCl-type struture and omposition lose to Al
50
(CuFe)
50
,
the -phase that is isostrutural to the monolini Al
13
Fe
4
struture, and the !-
phase with tetragonal struture and Al
70
Cu
20
Fe
10
omposition are rystals found
around the iosahedral struture. Fig. (2.1) shows a shemati representation of the
phase diagram of the Al-Cu-Fe system. Similar small regions of existene are found
in other quasirystals. This is an interesting point beause experimental works
[Lindqvist 93, Haberkern 00a℄ show that the eletroni properties are sensitive to
very small omposition hanges (of the order of 0.5 atom perent [Lindqvist 93℄)
whih is not the ase for their related amorphous or rystalline
1
phases.
1
In rystals, more preisely rystalline metals, small omposition hanges are given by the
presene of vaanies, for example. Then, it is not expeted that hanges less than 5% of the
vaany density provide strong hanges on the eletroni transport.
6 Quasirystals among related phases
Approximant phases form also part of the phase diagram of quasirystals. They are
rystalline alloys with similar loal order as quasirystals and an be found around
the omposition region of quasirystals. For instane, for the Al-Cu-Fe phases,
the orthorhombi o-Al
60:4
Cu
29:9
Fe
9:7
, the pentagonal P1-Al
63:6
Cu
24:5
Fe
11:9
, and the
rhombohedral R-Al
62:8
Cu
26
Fe
11:2
approximant phases have been studied [Berger 95℄.
Al Cu
Fe
(65,23,12)
(62.4,24.4,13.2)
(Al,Cu,Fe)
iApproximant phaseQuasicrystalline and
Amorphous phase
Crystalline phase
(61,28.4,10.6)
Figure 2.1: Shemati phase diagram of Al-Cu-Fe: the region of existene of approximants
and quasirystals is very small in omparison with their related amorphous and
rystalline phases. Similar small regions of existene are found in other quasirys-
tals.
Important relations between approximants and quasirystals are: i) the similar om-
position region, ii) the same loal order, and iii) the similar loal hemial deora-
tion. In this sense, it is to expet that the physial properties of approximants and
quasirystals must be similar. This point will be disussed in more detail in the
following hapters.
Chapter 3
Basi onepts of the eletroni
transport and quasirystals
Experimental studies of the resistivity in quasirystals exhibit peuliar behaviors
whih are, as yet, not fully understood [Poon 92, Berger 94, Rapp 99℄. The resis-
tivities are of the order of 100-500 
m for disordered metastable quasirystals,
800 
m for the rst disovered stable i-Al-Cu-Li quasirystal, and10000 
m
for the thermodynamially stable and struturally perfet iosahedral quasirystals,
suh as i-Al-Cu-(Fe/Ru) and i-Al-Pd-Mn. These values are anomalously high for
materials that ontain  60-70 at.% of metalli elements (ommonly Al). In om-
parison, amorphous metals have typial resistivities of a few 10
2

m, and real
metals reah resistivities of a few 
m, due to defets or phonons. Furthermore,
the resistivities of quasirystals inrease after removing the defets by annealing.
For instane, the resistivity, at 4 K, of Al
62
Cu
25:5
Fe
12:5
inreases from 5500 
m
to 7500 
m by strutural improvement [Berger 94℄. The resistivity dereases
with rising temperature. Power laws [Gignoux 97, Tamura 97, Lalla 95℄ and vari-
able range hopping [Guo 96, Delahaye 00℄ ondution have been reported. Quantum
interferenes eets and eletron-eletron interation are also proved important at
very low temperatures [Rapp 99℄.
An interesting property, found experimentally [Madel 00℄, is that the ondutivity
of thin lm quasirystals and related amorphous phases follow a ommon inverse
Matthiessen rule,
(T ) = 
0
+(T ) ; (3.1)
where 
0
depends only on the sample at T = 0. This rule was previously established
[Mayou 93℄ for quasirystals and approximants. The inverse Matthiessen rule is
ontrary to metals where a orresponding rule holds for the resistivity, (T ) =

0
+(T ).
In the following, the eletroni transport of quasirystals will be disussed under
various points of view.
8 Eletroni transport and quasirystals
3.1 Ballisti eletrons: resistivity due to satter-
ing
This setion deals with dierent explanations of the eletroni transport starting
from rystalline approximants where the resistivity is only due to impurity sattering
between ballisti states. Models suh as the two-band model and the narrow-band
model will be disussed in the framework of quasirystals. First, the inuene of the
struture on the resistivity is disussed.
Inuene of the struture
Amorphous metals and quasirystals of similar onentrations possess an eletroni-
ally indued peak in the stati struture fator at 2k
F
[Roth 99℄ (k
F
is the Fermi
wave number). Hene, the Hume-Rothery mehanism [Hume-Rothery 26℄ is proved
important for the stability of quasirystals, too [Smith 87, Friedel 88℄. A relation
between the struture fator and the resistivity is given by the Faber-Ziman formula
[Ziman 61, Faber 65℄,

Z
= 
 1
Z
=
3
4
N
~e
2
v
2
F
k
4
F
Z
2k
F
0
S(q) jw(q)j
2
q
3
dq ; (3.2)
where q represent the sattering vetor, w(q) the Fourier transform of the eetive-
atom pseudopotential, and S(q) the stati struture fator. N and v
F
are the atomi
number density and Fermi veloity, respetively.
Then, due to q
3
in (3.2) and a pronouned peak of S(q) lose to q = 2k
F
a high
resistivity is expeted due to both onstrutive interferene and nesting about bak
sattering. However, ompared with amorphous phases, quasirystals have a more
pronouned peak at 2k
F
[Roth 99, Haberkern 00a℄ due to long-range order. In onse-
quene, the resistivity of quasirystalline systems is higher [Roth 99℄. Furthermore,
in the framework of Ziman's formula (3.2), the temperature dependene is obtained
when the stati struture fator is replaed by the dynami one [Baym 64℄. Then,
inreasing the temperature, the eletronially indued peak in the stati struture
fator at q ' 2k
F
redues and the ondutivity inreases.
In summary, this formula provides a qualitative explanation of the inuene of stru-
tural perfetion on the eletrial resistivity on aount of the struture fator. The
Faber-Ziman formula supposes the eletron to oupy free-eletron states and weak
sattering. Hene, it gives no reliable quantitative results for systems ontaining
d-orbitals of transition metals at the Fermi-level (strong sattering) whih is the
ase for the more resistive quasirystals (see [Berger 94℄). Furthermore, the eet of
multiple sattering is also not onsidered.
Two-band model
The experimental nding of sign reversal of the Hall oeÆient [Haberkern 93℄ mo-
tivated the use of this simple model: negative/positive sign an be explained on-
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sidering the presene of eletrons/holes. This eet is onsistent with the Hume-
Rothery mehanism of stability [Hume-Rothery 26℄ that is fullled for quasirystals
[Smith 87, Friedel 88℄. The touh between the Jones zone (generalization of the Bril-
louin zone for non-rystalline materials) and the Fermi surfae in dierent diretions
produe eletron and hole states [Haberkern 95℄. Then, the transport oeÆients,
in the framework of the two-band model, an be desribed as the sum of eletron
and hole ontributions. For instane, for the ondutivity one an write,
 = e
2


e
n
e
jm

e
j
+ 
h
n
h
jm

h
j

; (3.3)
with the eletron and hole densities n
e
, n
h
, the eetive masses m

e
, m

h
, and the
sattering times 
e
, 
h
.
This model was initially used with good agreement by Haberkern et al. [Haberkern 93,
Haberkern 95℄ to explain experimental results of ondutivity, Hall oeÆient, and
thermopower of the iosahedral Al-Cu-Fe phase. In that proedure temperature
independent sattering times and eetive masses were used. However, a strong
temperature dependene of the arrier densities for holes and eletrons, similar to
the Debye-Waller fator, is required whih is a serious drawbak of this approah.
There is no indiation that arrier densities inrease with temperature as known
from the ativation behavior of semiondutors or as a power law. Furthermore, for
amorphous metals, the model is less onvining, beause there is no denite touh
between the Fermi surfae and a Jones zone. Summarizing, the two-band model is
rather a phenomenologial approah.
Narrow-band model
Considering that approximants are periodi systems with large unit ells, the on-
dutivity of low order approximants (e.g. see [Fujiwara 93b, Kraj 97℄) an be
alulated using the Bloh-Boltzmann formula,

;
= e
2


n
e
m

e

=
e
2
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X
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(k)
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df("; ; T )
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
"="
n
(k)
; (3.4)
where n is the band index, v
;n
(k) = (1=~) ("
n
(k)=k

) is the omponent along 
of the veloity of the state (n; k), f("; ; T ) is the Fermi-Dira distribution funtion
(A.9),  is the relaxation time, and 

ell
the unit ell volume. "
n
(k) gives the disper-
sion relation. Fujiwara et al. [Fujiwara 93b, Trambly 94, Rohe 98℄ and Kraj et al.
[Kraj 97, Kraj 98℄ employed this semilassial Bloh-Boltzmann equation (3.4)
with an empirial   10
 14
-10
 15
se. The dispersion relation was alulated using
the LMTO [Andersen 75℄ or TB-LMTO [Andersen 85℄ basis. Again, the eletrons
oupy ballisti states. Resistivity omes from defet/impurity sattering.
The following explanation [Fujiwara 93b℄ is given for the low ondutivity of qua-
sirystals: from low to high order approximants the number of atoms per unit ell
inreases, that means, the number of bands inreases. Moreover, due to strong
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hybridization eets between, for example, sp-Al and d-TM states the bands be-
ome ats, this guides to small veloities of the wave pakets (Fermi veloity,
v
F
 0:5  10
7
m=s, and large eetive masses (m

e
 2-10 m
e
, [Fujiwara 93b℄).
In onsequene, in the quasiperiodi limit the ondutivity vanish. It is worth not-
ing that defets in the system should allow nite ondutivities.
However, the appliability of the Bloh-Boltzmann formula to quasirystals has been
ritiized beause the saling properties of ritial eigenstates [Sire 94, Yamamoto 95a,
Fujiwara 96℄ lead to the expetation that the propagation of the eletrons is neither
ballisti as in the ase of periodi systems nor diusive as in the ase of disordered
systems.
Reently, Kraj and Hafner [Kraj 01℄ published a work where the ondutivities
of low order approximants of Al-Pd-(Mn/Re) are alulated by means of the Bloh-
Boltzmann equation (3.4) and the Kubo-Greenwood formula (3.5). The resulting
ondutivities obtained dier seriously from one another. This indiates that the
eletroni diusivity (3.8) provides additional information neessary to understand
the transport. Equation (3.4) onsiders only the band dispersion.
3.2 Arbitrary eletron states: the role of diusiv-
ity
Mott g-fator governing the transport
The transport in systems whih possess pseudogaps in the density of states around
the Fermi energy an be haraterized through the so alledMott g-fator [Mott 69℄.
Mott dened it as the ratio of the state density at the Fermi energy, n
F
, over the
orresponding free eletron value. Then, when the sattering is weak, the transport
should be governed by Boltzmann transport equations, (3.2), (3.4), but the on-
dutivity must dereases as g
2
if the Fermi energy lies in the pseudogap. In fat,
using the Einstein relation (3.8), and onsidering that the eletroni diusivity is
proportional to the state density one gets to  / n
2
F
/ g
2
.
Mizutani investigated experimentally [Mizutani 98℄, employing the low temperature
oeÆient of the eletroni spei heat, 
sh
= (k
B
)
2
n
F
=3, as an indiator of n
F
,
the role of pseudogaps in the eletroni transport of quasirystals and their related
approximants and amorphous phases. He shows that the Mott theory is valid, i.e.
the ondutivity hanges in proportion to the square of the state density, when the
temperature is around 300 K (room temperatures). However, at low temperatures,
he shows that, as the relation ondutivity-pseudogap is onerned, three dierent
groups an be found: the sp-type quasirystals, the spd-type quasirystals, and i-
Al-Pd-Re samples of high quality.
The last two groups ontain transition metals with atomi d orbitals at the Fermi
level. It seems that sp-d hybridization plays an important role in the eletroni
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transport of quasirystals ontaining transition metals. A detailed experimental
analysis of the importane of transition metals in quasirystals was arried out by
Lindqvist et al. [Lindqvist 93℄. The authors nd for onentration dierenes of 0.5
at. % Fe hanges in the ondutivity from 100 (
m)
 1
to 250 (
m)
 1
.
Here, the Kubo-Greenwood formula (3.5) will be employed taking into aount hy-
bridization eets. The results, presented in the following hapters, show that not
only the amount of partiipating states but also the kind of the states are important
to determine the metalli or non-metalli harater of the material under study. For
instane, the studied rystalline materials have very low resistivities due to their
high diusivity, whereas approximants of quasirystals with similar state densities
are very resistive due to the low diusivity of their eletroni states.
Kubo-Greenwood Formula
The transport equations desribed in the previous setion, (3.2), (3.3), and (3.4),
are not suessful when the eletron mean free path is of the order of atomi di-
ameter (see for instane [Mott 87℄). That means, the eletron is not ballisti and
the assumption of single sattering fails. On the other hand, theoretial studies
in quasirystals indiate that eletrons an not be onsidered as ballisti [Sire 94,
Fujiwara 96℄. Moreover, experiments [Lindqvist 93, Mizutani 98℄ show that hy-
bridization eets on the ondutivity are important.
In suh ases, the Kubo-Greenwood formula [Kubo 57, Greenwood 58℄ is one way
to alulate the ondutivity. This formula, in dierene to Boltzmann formulas,
makes no assumptions on the harater of the states. It asks for both, the amount
and harater of the states available for the transport. Moreover, this formula takes
into aount multiple sattering [Asano 80, Butler 85℄ and desribes orretly the
eet of hybridization with atomi d-orbitals in the transport properties. In sum-
mary, the Kubo-Greenwood formula provides a quantum mehanial treatment of
the eletroni transport within the one-partile approximation. In the following,
this formula will be presented, as well as, its relation with the eletroni diusivity.
In the framework of the linear response theory, the eletrial ondutivity of a system
an be alulated with the Greenwood form [Greenwood 58℄ of the Kubo formula
[Kubo 57℄. A brief dedution will be presented in appendix A.1. The frequeny
zero limit of the optial ondutivity gives the temperature dependent eletrial d-
ondutivity, see equation (A.5), whih is alulated from the spetral ondutivity,
b
;
(") = 2
~e
2


X
i;j
jhijv

jjij
2
Æ("  "
i
) Æ("  "
j
) ; (3.5)
where jii is the eletroni wavefuntion with the energy eigenvalue "
i
. The pref-
ator 2 onsider both spin-omponents, 
 is the volume of the system and v

=
~=(im
e
)= is the -omponent of the veloity operator. Hereafter b(")  b
;
(")
will be used for the spetral ondutivity with  = z. Other ases will be expliitly
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mentioned.
Two points are to be mentioned in referene to equation (3.5): i) as shown in ap-
pendix A.1, b("
F
) is the zero temperature limit of the d-ondutivity (A.5), and ii)
the two delta funtions evaluated at the same energy " indiate that the transport
is onned on-the energy-shell ".
Numerial alulations require to broaden the delta funtions in (3.5), beause only
small systems are feasible where the level density is quite low. Gauss funtions,
Æ("  "
0
)!
1

p
2
exp

 
("  "
0
)
2
2
2

; (3.6)
or Lorentz funtions,
Æ("  "
0
)!
1

 
("  "
0
)
2
+  
2
; (3.7)
are the most appropriate funtions (the delta funtions are reovered in the limit
; ! 0).
On the other hand, the half-width   () also simulates thermally inelasti sattering.
The transporting states are not longer onned to the energy shell " but rather to
an energy window of the width 2  around ". Hene, one an relate   with the
temperature by means of 2  ' k
B
T . Finally, it is important to mention that the
eletion of   must be made areful: it must be muh larger than the averaged level
spaing, Æ". At a xed energy, the unphysial region,   < Æ", is haraterized by
 /  
2
due to the produt of the two delta (Lorentz) funtions in (3.5).
The eletroni diusivity an be alulated employing the Einstein relation,
b
D
 1
(") = 2
e
2


bn(")b(") ; (3.8)
where b(") = b
 1
(") is the spetral resistivity and bn(") is the density of states.
Calulations of b(") employing the Kubo-Greenwood formula for s-band tight-
binding quasirystalline models inluding disorder [Rohe 97a℄ and for realisti low
order approximants of quasirystals [Fujiwara 96, Rohe 98℄ indiate the importane
of saling with sattering time in quasiperiodi systems. However, in a reent work
Kraj and Hafner show [Kraj 01℄ that the ondutivity dereases in the limit of
both small and large sattering time, moreover, they found a stationary behavior
over a wide range of intermediate values whih is in disagreement with the analysis
for the diusivity arried out by Fujiwara et al. [Fujiwara 96℄. In this sense, more
detailed studies are neessary.
Small  : interband hopping
Transport mehanisms related to anomalous diusion are governed by low or large
disorder regimes, respetively, large or short relaxation times  . These mehanisms
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go beyond the Bloh-Boltzmann theory, as will be seen below. For short  , ollision
events an indue interband transitions (hopping) between eletroni eigenstates
(ritial states). In fat, following [Rohe 97b℄, a limit for the largest lifetime is given
by , the bandwidth for a given sale L. If the sattering time, indued by disorder
(stati, phonons), is   ~= then, the diusivity, D = (1=3)L()
2
= , depends
on it as D / 1= beause of L will not depend anymore on  (xed bandwidth).
Hene, from the Einstein relation (3.8), the ondutivity is  / 1= whih explain
qualitatively the inverse Matthiessen rule (3.1). As was pointed out by Rohe et al.
[Rohe 97b℄, due to the almost dispersionless bands in quasirystals, this transport
mehanism should apply even to small disorder.
Large  : anomalous diusion
For large  , the eletroni wave paket propagates between two sattering events
as in the perfet quasiperiodi struture. Indeed, numerial alulations in perfet
quasiperiodi strutures show [Passaro 92, Sire 94℄ that the wave paket spreads with
an anomalous diusion law L(t) / t

(0 <  < 1,  = 0:5 means normal diusion).
If   ~= then, the eletroni diusivity is D = (1=3)L
2
()= / 
2 1
, whih
gives, after employing the Einstein relation (3.8), the so-alled anomalous Drude
ondutivity [Mayou 94, Sire 94, Bellissard 95℄,
 / 
2 1
: (3.9)
The normal Drude ondutivity is reovered for  = 1 (ballisti transport). On the
other hand, provided that  < 0:5 the transport is sub-diusive and the ondutivity
will derease with inreasing  , whih explains qualitatively the inverse Matthiessen
rule (3.1).
The parameter   employed in (3.7) an be related via 2  ' ~ to a nite lifetime,
 , of the eletroni eigenstates due to disorder (defets, impurities, phonons). Thus,
equation (3.9) beomes,
 /  
1 2
: (3.10)
This provides another interpretation of  .
Calulations on realisti approximant models of d-Al-Cu-Co quasirystals show
that  ' 0:375 [Fujiwara 96, Rohe 98℄. Provided that the Bloh-Gruneisen law,
 / T
 5
, holds [Fujiwara 96, Rohe 98℄, whih is due to the eletron-phonon ou-
pling, one obtains in (3.9) (T ) / T
5(1 2)
= T
1:25
. This result is ompatible with
experiments [Gignoux 97, Tamura 97, Lalla 95℄ whih show suh behavior also for
high temperatures, up to 1000 K.
However, the Bloh-Gruneisen law is obtained under the onsideration of a phononi
Debye-spetrum. The dierent ontributions of longitudinal and transversal modes
an modify the T
 5
-dependene of  . Moreover, this law is valid only for temper-
atures far below the Debye temperature. For quasirystals the Debye temperature
is experimentally estimated to be 400-500 K [Martin 91, Piere 93b℄. For high tem-
peratures the eletron-phonon ontribution gives  / T
 1
whih annot explain the
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experiments, as was pointed out by Bellissard [Bellissard 00℄. Hene, the question
of the transport mehanism at high temperatures remains open.
In the present work it will be onrmed, employing (3.5), (3.7), and (3.10) in real-
isti approximant models, that the eletroni transport of iosahedral quasirystals
should be sub-diusive ( < 1=2). Furthermore, it will be shown that the tem-
perature dependene of the ondutivity an be alulated without the use of the
Bloh-Gruneisen law. These results are in good agreement with experiments up to
temperatures of 600 K (for i-Al-Cu-Fe and i-Al-Cu-Ru) and 900 K (for i-Al-Pd-Re).
3.3 Variable range hopping transport and quan-
tum orretions to the ondutivity
Variable Range Hopping
Mott employed a simple approximation for the spetral ondutivity [Mott 87℄,
b(") =

0 for " < "


min
for "  "

;
(3.11)
where "

is known as the mobility edge, and the onstant 
min
' (0:03e
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)
is the so alled minimum metalli ondutivity (

is the loalization length for an
eletroni wave funtion at " < "

). The energy "

separates the loalized from the
deloalized states. At low temperatures ((T )  "
F
), with the Fermi energy below
the mobility edge ("

  "
F
> 0), the simplied spetral ondutivity (3.11) provides,
employing (A.5), the thermally ativated ondutivity,
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  )
k
B
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
: (3.12)
Via thermal exitation, the eletrons are lifted from loalized states roughly at the
hemial potential  to the mobility edge.
Variable-range hopping, VRH, on the ontrary, does not inlude the states above
the mobility edge. It is rather the hopping between states whih are loalized about
dierent positions in real spae. At low temperatures, the energy dierene between
the partiipating loalized states is very small, that means, the eletron must jump
to a state whih is loalized at a quite distant site. In that ase the average distane
of hopping depends on the temperature. Following Mott [Mott 87℄, we have
(T ) = 
0
e
 (T
0
=T )
1=4
(3.13)
where T
0
' (24
3

)=(k
B
bn("
F
)) with 
 1

the deay length of the loalized wave
funtions.
As yet, the surprisingly low ondutivity of i-Al-Pd-Re quasirystalline alloys at
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low temperatures is not well understood. It is reported that these samples ahieve
ondutivities about three orders of magnitude smaller than Mott minimum metal-
li value. For instane, at 0.45 K, the ondutivity is approximately 0:05(
m)
 1
[Piere 94℄. These values are right in the range of systems in the insulating side of
the metal-insulator transition suh as Al-Al
2
O
3
[Sin 84℄, In
2
O3  x [Frydmann 95℄,
and MoGe [Yoshizumi 88℄, for instane. However, for an insulator the density of
arriers of i-Al-Pd-Re samples is rather high, of the order of  10
20
m
 3
.
Variable range hopping ondution has been reported [Guo 96℄ for i-Al
70:5
Pd
21
Re
8:5
samples. On adding less than 3% Mn, a metalli state is reated [Guo 96℄. These
samples give a zero ondutivity after extrapolations from temperatures above 0.45K
to zero Kelvin. Similarly, Delahaye found [Delahaye 00℄ a variable range hopping
ondutivity studying i-Al-Pd-Re samples in temperature ranges of 20mK to 60mK.
The ondutivity extrapolates also to zero at zero Kelvin. However, the experi-
mental results of Bianhi et al. [Bianhi 97℄ and Ahlgren et al. [Ahlgren 97a℄ for
temperatures down to 40mK suggest, after extrapolations, a nite ondutivity at
zero Kelvin. The question of insulating i-Al-Pd-Re remains open.
Quantum orretions to the ondutivity
Quantum eets, suh as weak loalization and enhaned eletron-eletron intera-
tion, have been proved important for the ondutivity of quasirystals [Rapp 99℄.
Weak loalization is due to one eletron interferene eets, whereas eletron-eletron
interation is due to interferene between two sattered eletrons. These quantum
eets beome important at very low temperatures produing quantum orretions
to the ondutivity.
From the experimental point of view, the magnetoresistane an give evidenes of
quantum interferene eets: (B) = (B) (B = 0) /
p
B with B the magneti
eld, and (T ) /
p
T or (T ) / T [Klein 92, Berger 94℄. Moreover, experiments
show that the magnetoresistane beomes anomalously large at low temperatures
[Klein 92, Sahnoune 92, Ahlgren 97b℄. Thus, the magnetoresistane falls into two
groups (see [Rapp 99℄ and referenes therein): quasirystals with resistivities lower
than 10
5

m, and i-Al-Pd-Re samples. For the rst group, the temperature and
magneti dependene of the magnetoresistane an be desribed by theories that
onsider weak loalization and eletron-eletron interation. For i-Al-Pd-Re sam-
ples, the magnetoresistane an not be desribed by quantum orretions. This is
expeted beause, for example, weak loalization is not justied for materials with
very high resistivities.
On the other hand, studies by Lin et al. [Lin 96℄ in i-Al
70
Pd
22:5
(Re
1 x
Mn
x
)
7:5
sam-
ples show that the ondutivity behaves as (T ) = (0)(1 +
p
T=) with  tem-
perature equivalent of the orrelation gap. This behavior is typial of interating
disordered eletrons [Grest 83℄. Furthermore, this temperature dependene of (T )
shows that the inverse Matthiessen rule (3.1) breaks down when quantum orre-
tions beome important (very low temperatures), as was disussed in [Madel 00℄.
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However, when  ' (0)
2
the inverse Matthiessen rule is assured as demonstrated
by [Lin 96℄.
Chapter 4
Spetral ne struture and
anomalous transport
The features of the eletroni density of states an explain the eletroni transport.
In fat, if one expets that the eletroni diusivity remains unhanged with the
energy or if it sales just as the state density, then, using the Einstein relation,
equation (3.8), the features of the state density around the Fermi energy an be
extrapolated to the spetral ondutivity and hene to the transport oeÆients (the
last orrespondene is disussed in appendix A). In this sense, to understand the
anomalous transport properties of quasirystals it is neessary to know the behavior
of the state density around the Fermi energy. In the following, we will review
the state density features and onsequenes for the transport of quasirystalline
materials.
4.1 Pseudogap in the density of states
One of the rst disovered properties of iosahedral quasirystals is that these ma-
terials are Hume-Rothery phases, i.e. eletronially stabilized phases [Banel 86,
Tsai 89℄. That means, from the interation between the Fermi surfae and the
Jones zone results a minimum in the density of states (pseudogap), at the Fermi
energy. Models of iosahedral alloys within the nearly free eletron approximation
onrm [Smith 87, Friedel 88, Friedel 92℄ the existene of suh pseudogaps. Band
struture alulations of approximants predit the existene of a struture-indued
pseudogap at the Fermi energy in many iosahedral alloys [Fujiwara 89, Fujiwara 91,
Hafner 92, Hafner 93, Windish 94, Trambly 94, Kraj 95℄. This pseudogap is en-
haned by the hybridization of sp and d orbitals [Trambly 95℄.
From experiments, the low temperature oeÆient of the eletroni spei heat,

sh
, whih is proportional to the state density at the Fermi energy, is low in om-
parison with the estimated free eletron value, 
free
sh
. For instane, 1/3 and 1/10
of 
free
sh
in i-Al-Cu-Fe [Klein 91, Piere 93a℄, and in i-Al-Cu-Ru [Biggs 90℄, respe-
tively. However, ontrarily to the ondutivity, only a weak omposition dependene
is found [Piere 93a℄ for 
sh
. This indiates that the eletroni diusivity should
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learly depend on both the omposition and, in a rigid band model, the energy in
order to provide the observed strong omposition dependene of the ondutivity
[Lindqvist 93℄.
On the other hand, by means of spetrosopi tehniques, suh as photoemission
spetrosopy, inverse photoemission spetrosopy, and soft x-ray emission and ab-
sorption, one an obtain information of the density of states below, above, and at
the Fermi energy. Employing these experimental tehniques a wide pseudogap of the
order of 1 eV was found [Belin 91, Belin 92, Mizutani 94, Stadnik 95, Stadnik 99℄.
However, this wide pseudogap is believed to exist in both rystalline [Carlsson 95,
Trambly 95℄ and amorphous [Haussler 92℄ materials. That means, the wide pseudo-
gap around the Fermi energy is important for the stability of quasirystals. However,
the anomalous transport properties an not be due.
4.2 Spikiness and ne struture of the density of
states
Ab-initio alulations of the density of states of approximants provide many very
ne spiked peaks with a width of about 10 meV, distributed over the whole va-
lene band [Fujiwara 89℄. These speial features of the state density should result
from the huge amount of almost dispersionless bands. Spiky state density features
were obtained from many band-struture alulations for realisti approximant mod-
els of quasirystals [Fujiwara 89, Fujiwara 91, Hafner 92, Windish 94, Trambly 94,
Kraj 95℄. This should be augmented by the presene of transition metals due to
hybridization eets between sp and d orbitals [Trambly 94℄.
The spiked state density may explain the unusual sensitivity of the eletrial ondu-
tivity to slight omposition hanges. Fujiwara et al. argued [Fujiwara 93b℄ that suh
omposition hanges shift the position of the Fermi energy, whih results in a dra-
mati hange of the state density at the Fermi energy, and onsequently of the on-
dutivity value. It is also shown [Fujiwara 93b℄ that this spiked density of states an
explain qualitatively the omposition and temperature dependene of other trans-
port oeÆients, suh as the thermopower, Hall and, optial ondutivities. As yet,
however, the existene of spikes is not experimentally onrmed and some authors
suggest that spikes should be an artifat of the alulation [Stadnik 97, Haerle 98℄ or
only spei for small periodi approximants of quasirystals [Hafner 92, Zijlstra 00℄.
Another kind of ne struture is predited by a model of quasirystal growth, pro-
posed by Janot and de Boissieu [Janot 94℄, based on the hierarhial selfsimilar
paking of atomi lusters. As a onsequene of this model, the eletron state
density should also show [Janot 94℄ a hierarhial selfsimilar struture with spiky
features in the pseudogap. Aording to this model the pseudogap is asymmetri
and entered at the Fermi energy. In the limit of the selfsimilar paking proess,
the density of states at the Fermi energy is zero [Janot 97℄. Hene, the ondutivity
should be due to variable-range hopping, equation (3.13), with appropriate alter-
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ations [Janot 96, Janot 97℄ for the hopping probability. He shows [Janot 97℄ that
(T ) ' T

, the Hall oeÆient R
H
(T ) '  T
 
, and the eletroni thermal ondu-
tivity K(T ) ' T
+1
. For the i-Al-Pd-Mn quasirystal,  = 1:43 is found [Janot 97℄.
However, to keep the density onstant, overlap between lusters is needed at some
selfsimilar paking stage [Janot 97℄ whih should give unphysially short distanes
between some atoms. Moreover, real quasirystals do not ontain only lusters but
also other atoms (glue atoms) or joining portions that do not belong to either lus-
ter. These new requirements should hange the eletroni distribution and hene
the behavior of the eletroni transport.
Experiments on nulear magneti resonane [Tang 97℄ and tunneling spetrosopy
[Esudero 99, Guohong 99℄ have revealed spetral features on energy sales down to
a few 10 meV. These features have been explained using MMillan's saling theory
[MMillan 81℄, whih inludes both eletron-eletron interations and loalization
eets. However, the saling theory predits a singularity in the state density at
the Fermi energy, leading, as the temperature goes to zero, to loalization in the
system, and onsequently the formation of a orrelation gap. This is not the ase for
quasirystals: the spetral features of the state density at 50 meV out of the Fermi
energy are well desribed with the saling theory [Davydov 98, Esudero 99℄. But,
within the 50 meV window around the Fermi energy, the saling theory breaks
down. From experiments [Tang 97, Esudero 99, Guohong 99℄ one nds always
a nite density of states at the Fermi energy. On the other hand, experiments
[Tang 97, Esudero 99, Guohong 99℄ only indiate the existene of a symmetri nar-
row pseudogap around the Fermi energy. There is no evidene of a spiked density of
states over the whole valene band. That means, the real origin of these ne spetral
features is matter of further disussions.
On the other hand, if one adopts that transport quantities an be expressed in
terms of the kineti oeÆients and hene the spetral ondutivity (see appendix
A), the features of these quantities an give indiret information of spetral proper-
ties. Most evidently the thermopower provides suh information (.f. Mott formula,
equation (6.6)). In fat, experiments of the thermopower, Hall oeÆient, optial,
and thermal ondutivities indiate the presene of ne struture on the spetral on-
dutivity. The thermopower has large values and strong temperature dependene.
In iosahedral quasirystals of high strutural quality, the thermopower an hange
its sign with temperature [Roth 99, Piere 93a℄ and with slightly dierent annealing
treatments [Haberkern 95℄. The Hall oeÆient depends also extremely on the tem-
perature and small omposition hanges [Piere 93a, Lindqvist 93℄. Normally, but
not always, it is found experimentally [Poon 92℄ that the signs of the Hall oeÆient
and the thermopower are orrelated. Similarly, the omposition dependenes of the
Hall oeÆient and the ondutivity are orrelated [Lindqvist 93, Haberkern 00a℄.
It is also observed [Poon 92, Piere 93a℄ that this peuliar behavior of the ther-
mopower and the Hall oeÆient an be qualitatively explained onsidering a state
density (respetively, spetral ondutivity) minimum of width 200 meV around
the Fermi energy.
20 Spetral ne struture and anomalous transport
Furthermore, very low thermal ondutivity, e.g. for i-Al-Cu-Fe the thermal ondu-
tivity is two orders of magnitude lower than in f-Al [Perrot 95℄, and the absene
of the Drude peak on the optial ondutivity [Homes 91, Basov 94a℄, ommon for
metals, are found experimentally. This indiates that only small number of arriers,
i.e. low density of state at the Fermi energy, are available for the transport.
4.3 The onept of this work
Quasirystals and related approximants have similar loal order. Interesting is that
the eletroni transport properties in quasirystals and approximants are quite sim-
ilar [Poon 92, Berger 94℄. Suh similarities were also found in thermal [Dubois 92℄
and optial [Basov 94a℄ ondutivities. Consequently, it seems that the loal
environment, e.g. 10-20

A [Berger 94, Trambly 97℄, should play a key
role in the transport properties of iosahedral quasirystals and approx-
imants.
On the other hand, it is known that lusters, suh as the Makay and Bergman
iosahedra, are the basi elements to build both iosahedral approximants and qua-
sirystals (for a review see, for instane, [de Boissieu 94, Boudard 99℄). Hene,
one an expet that these lusters, their deoration, and their arrange-
ment on sales of 10-20

A, are responsible for the spetral features that
an aount for the anomalous transport properties of approximants and
quasirystals disussed in hapter 3. In this sense, it should be possible to
searh for suh spetral features in approximants with unit ells larger than 10

A.
The idea of this work is as follows. One an try to make a model for the spetral
resistivity of a small approximant whih reasonably reprodues the ab-initio results.
Thus, this model must onsider the important spetral features of the basi luster,
its deoration, and its arrangement in the unit ell. In view of a related qua-
sirystal one an hope that, after tting the model parameters to a few
reliable experimental data, other experimental ndings an be explained
within this model.
This kind of proedure will be presented in hapter 6 for the i-Al-Cu-Fe quasirys-
tal. The ab-initio results show that these spetral features are of the order of 100
meV, and they depend strongly of the hemial deoration and the arrangement of
the lusters in the struture. Moreover, the modeled spetral resistivity an explain
onsistently the transport oeÆients, suh as the ondutivity, thermopower, Hall
oeÆient, and the eletroni thermal ondutivity. This proedure is also applied
to i-Al-Cu-Ru and i-Al-Pd-Re in good agreement with experiments.
Chapter 5
Methods for valene spetral ne
strutures
The question is, whih methods an be employed to aount for the density of
states and/or the spetral ondutivity. Two dierent onepts an be expeted
to explain the anomalous transport of quasirystals. The rst one onsiders the
extended quasiperiodiity, i.e. long-range quasiperiodi order, more important than
the hemial deoration (negleted in the orresponding models). The seond one, on
the other hand, puts the weights vieversa, i.e. the loal hemial environment (20

A
sale) is believed more important than extended quasiperiodiity. In the following,
limitations and advantages of both onepts will be disussed.
5.1 Extended quasiperiodiity
The term extended quasiperiodiity is here applied to haraterize a method that an
desribe quasiperiodi systems for itself and/or very high order approximant models.
In these ases, a tight binding Hamiltonian is employed. This Hamilton operator is
represented in an orthonormal LCAO-basis (linear ombination of atomi orbitals),
and is written as,
H =
X
n
jni "
n
hnj +
X
n6=m
jni t
nm
hmj ; (5.1)
where, "
n
= hnjHjni is the site energy and t
nm
= hnjHjmi is the hopping term, that
is dierent from zero only for the nearest-neighbour sites. This Hamiltonian onsid-
ers only one s-type orbital per atomi site. Moreover, as was mentioned previously,
the hemial aspets are not taken into aount. That means, the Hamiltonian (5.1)
an be seen as an one-omponent system. Quasirystals, on the other hand, are
at least two omponent systems. However, the tight-binding Hamiltonian is able to
study the inuene of long-range quasiperiodiity on the eletroni properties, and
this is not possible with present ab-initio methods, see next setion.
The Hamiltonian (5.1) is a very simple desription of eletrons in dierent topo-
logial environments. For instane, quasiperiodiity is given by the orresponding
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quasiperiodi sequene of "
n
and/or t
nm
[Kohmoto 83, Kohmoto 86℄. The periodi
limit an be obtained when "
n
= ", and t
nm
= t are xed onstants 8n;m. The
Anderson Hamiltonian model [Anderson 58℄ of disordered systems is also obtained
from (5.1), for example, with random eletions of "
n
and/or t
nm
. Thus, the ele-
troni properties of rystals and quasirystals an be easily ompared. Moreover,
the inuene of disorder in quasirystals an also be studied, for example, hanging
some site-energies randomly [Rohe 97a℄.
Employing the Hamiltonian (5.1) dierent quasirystals models were studied. The
Fibonai hain, as an one dimensional quasirystalline model, shows a singular-
ontinuous and multifratal energy spetrum [Kohmoto 87℄. All eletroni wave
funtions of the Fibonai hain are ritial, i.e. the wave funtion envelopes are
power-law funtion. For ertain energies, the ondutane behaves [Kohmoto 86℄
as G ' L
 
, where L is the sample length, and 0 <  < 1. This behavior of the
ondutane is related [Kohmoto 86℄ to the ritial nature of the wave funtions.
For omparison, G ' exp( L), and G ' L orrespond to Anderson loalization,
and Ohmi-law behavior, respetively.
The Penrose tiling is the most ommon two dimensional quasirystalline model.
In Penrose latties, the wave funtions are also ritial [Yamamoto 95b℄. Moreover,
very speial states, alled onned states, are found [Fujiwara 88℄. These states have
nite amplitudes only at speial tiling regions and vanish outside. The ondutane
of a two dimensional Penrose tiling shows a power-law dependene [Tsunetsuga 91℄:
G ' L
 
, where  ' 0:2-0:3. Studies of elementary exitations, suh as eletrons,
phonons, and exitons, in low dimensional aperiodi systems, have been arried out
by dierent authors, the interested reader is referred to [Maia 00℄.
Three dimensional Penrose tilings, with iosahedral symmetry, have also been stud-
ied. Rieth found [Rieth 95℄ that the loalization tendeny dereases on inreasing
the order of the approximant. He onludes i) that quasiperiodiity does not ne-
essarily ause the loalization of the eletroni states, and ii) that quasiperiodiity
does not inuene the metal-insulator transition. Zijlstra found [Zijlstra 01℄ that,
i) spikes in the density of states, disussed in the previous hapter, whih our
in low order approximants may not survive in the quasiperiodi limit, and ii) the
ondutivity should inreases after inreasing the order of the approximant, and
onsequently, the unit-ell size of the lattie.
However, these results an not be ompared with experiments. It seems that
quasiperiodiity alone is not able to reprodue the transport properties observed
experimentally. Zijlstra pointed out [Zijlstra 01℄ that probably a ombination of
quasiperiodiity and another mehanism is needed. In the present work, the loal
hemial order, 10-20

A, is proposed as the omplementary mehanism to explain
the experiments. This point will be disussed in the following setion.
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5.2 Chemial sensitivity
With the tight-binding Hamiltonian model, (5.1), the quasirystal is desribed as
a quasiperiodi one-omponent system. This implies two limitations that an hin-
der to reprodue the properties of realisti quasirystals. Namely, it onsiders only
nearest-neighbour interations, and only one s-type orbital per site. It was proved
[Trambly 97, Solbrig 00a℄, in iosahedral quasirystals and approximants, that long-
range eletroni interferenes in the transition metal sub-systems give rise to narrow
spetral features whih are highly important for the eletroni transport. More-
over, hybridization eets between sp and d orbitals are important for the stability
[Trambly 95℄ and for the transport [Lindqvist 93℄. This indiates that to desribe
realisti approximants and/or quasirystals is neessary to onsider more than one
omponent and more than one orbital.
The linear muÆn-tin orbital method, LMTO, its tight-binding version, the TB-
LMTO method, and the muÆn-tin sattered wave method, MTSW, are ab-initio
methods that work for more than one-omponent systems and onsider hybridization
eets. These ab-initio methods are employed in superell or reursion approahes.
They an be employed as k-spae methods or, ombined with reursion proedures,
as r-spae tehniques. Thus, the use of approahes in both spaes provides us the
possibility to searh for ommon spetral ne strutures that are not artifats of the
proedures.
The main limitation of these ab-initio methods lie on the number of atoms sup-
ported for numerial alulations. In the LMTO superell method, it is limited to
250 atoms. Reursion methods ombined with TB-LMTO and the MTSW work
with lusters of the order of 1000 and 5000 atoms, respetively. However, as was
disussed in setion 4.3, if one expets that the loal hemial order,  10-20

A, pro-
vides the neessary information to desribe the eletroni transport of quasirystals
then, these ab-initio methods an be suessfully employed.
In the following will be presented the ab-initio methods employed in this work to
searh for spetral ne strutures in the density of states and the spetral on-
dutivity of realisti low order approximants. Furthermore, the Landauer/Buttiker
approah is employed to alulate ondutanes of quasi one-dimensional systems.
LMTO-ASA superell method
It is not the purpose of this work to enter into the details of the LMTO basis. For
that reason, in the following will only be given a brief desription of the onstrution
of this basis
1
.
1
A brief dedution of the LMTO basis is given in appendix B.1. A omplete and detailed expla-
nation of the LMTO method an be found in [Andersen 84a, Andersen 85, Skriver 84, Andersen 87,
Tank 00℄.
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Thanks the density funtional theory
2
, DFT, the problem of many eletrons moving
in the potential of a set of xed nulei an be redued to an equivalent one in
whih the eletrons are non-interating. Hene, the one-eletron (non-interating)
Shrodinger equation, also alled Kohn-Sham equation, an be written as,

 
~
2
2m
e
r
2
+ V
eff
(r)

	
i
(r) = "
i
	
i
(r) ; (5.2)
where V
eff
(r) is an eetive potential [Kohn 65℄ that depends on the harge density,
n(r) = e
o
X
i
j	
i
(r)j
2
: (5.3)
Equation (5.2) must be solved self-onsistently with V
eff
(r) beause it depends on
the wave funtions through n(r), equation (5.3).
The LMTO method provides an eÆient sheme to realize this. The idea is to
divide the spae into atomi polygons for whih the Shrodinger equation an be
solved, and then the solutions an be onneted with the orresponding boundary
onditions. The muÆn-tin potential is a good approximation to V
eff
(r). It divides
the spae into non-overlapping spheres entered at the atomi sites R with radii
S
MT
R
and the remaining interstitial region, see gure (5.1). Then, the muÆn-tin
potential of the atomi polygon R with the nulear harge Z
R
is written as,
V
R
(r
R
) =
8
<
:
 
2Z
R
r
R
+ V
H
R
(r
R
) + V
M
R
+ V
x
R
(r
R
)  V
MT
0
for r
R
 S
MT
R
0 for r
R
> S
MT
R
;
(5.4)
where, r
R
 jr
R
j with r
R
 r R. Equation (5.4) ontains for r
R
 S
MT
R
the sreen-
ing potential of the eletrons, V
H
R
(r
R
) =
R
d
3
r 2n(r
0
)=jr r
0
j (Hartree potential), the
Madelung potential, V
M
R
=  
P
R
0
6=R
2Q
R
0
=jR
0
 Rj (Q
R
is the eetive harge of the
sphere R), the exhange-orrelation potential
3
, V
x
R
(r
R
), and the nulear potential,
 2Z
R
=r
R
. Furthermore, the onstant V
MT
0
is the average of all potentials in the
interstitial region.
To redue the inuene of the potential in the interstitial region one an use the
atomi sphere approximation, ASA, whih employs overlapping spheres with radii
S
WS
R
, see gure (5.1). These new spheres are also alled Wigner-Seitz spheres be-
ause they ll the volume 

ell
. Then
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=
N

X
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3
= N

4
3
w
3
; (5.5)
2
For a review of the density funtional theory see the work of Jones and Gunnarsson [Jones 89℄.
3
The exhange-orrelation potential is a result of the DFT [Hohenberg 64, Kohn 65℄. The exat
funtional form is unknown. However, under the loal density approximation, LDA (see [Jones 89℄),
one an alulate it as a funtion of the harge density [Barth 72℄.
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where 

R
is the volume of the atomi polygon, and N

and w are the number of
atoms in the unit-ell and the average Wigner-Seitz radius, respetively. Thus, the
interstitial region is redued to volume zero.
Core region
Interstitial region
S
MT
R R
SWSR
Figure 5.1: Shemati representation of the muÆn-tin spheres. The Potential outside the
muÆn-tin spheres (radii S
MT
R
) is taken to be onstant (zero) whereas inside is
alulated assuming that it is spherially symmetri. The ASA approximation
employs overlapping spheres with radii S
WS
R
> S
MT
R
.
The solutions of the Shrodinger equation, employing the ASA approximation in-
side the atomi sphere R (r < S
WS
R
) are given by the partial waves, 
RL
(r
R
; ") 

R`
(r; ")Y
L
(r^
R
), where the funtions Y
L
(r^
R
) are spherial harmonis. 
R`
(r; ") is
a radial amplitude, r^
R
 r
R
=r
R
, and L = (`;m) denotes the angular-momentum
harater of the orbital. The energy " is here a parameter and not an eigenvalue.
The mathing onditions at the spherial surfae S
WS
R
determine the eigenvalues of
the solid.
The ASA xes the eletroni kineti energy at zero in the (volumeless) interstitial
region
4
. Hene, the problem in the interstitial redues to solve the Laplaian equa-
tion, r
2
	(r) = 0. This leads to the regular Bessel funtion, J
L
(r
R
)  J
`
(r)Y
L
(r^
R
),
4
As pointed out by [Turek 97℄, the employment of the interstitial region under the ASA ap-
proximation is inevitable for a proper mathematial formulation of the problem.
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and the irregular Neumann funtions, K
L
(r
R
)  K
`
(r)Y
L
(r^
R
)
5
. The expansion the-
orem [Andersen 75, Andersen 84a, Skriver 84℄ relates the solutions of the Laplaian
equation with respet to origins of dierent atomi spheres. Thus, the regular solu-
tions inside the atomi sphere are mathed to the irregular solution K
L
(r
R
) entered
at R whih are expanded into regular solutions J
L
0
(r
R
0
) entered at other R
0
6= R,
see equation (B.3).
Summarizing, the muÆn-tin orbital basis, MTO, is dened in the whole spae as
a ombination of the partial waves and the regular solutions, N
0
RL
(")
RL
(r
R
; ") +
P
RL
(")J
RL
(r
R
), within the atomi sphere R. The funtion K
i
RL
(r
R
), entered at R,
is taken for the interstitial region
6
, and for the other spheres the solution is given by
the expansion theorem, equation (B.3). Thus, the muÆn-tin orbitals an be written
as,

RL
(r
R
; ") = N
0
RL
(")
RL
(r
R
; ")
+
X
R
0
L
0
J
R
0
L
0
(r
R
0
)
n
P
0
R
0
L
0
(")Æ
R
0
L
0
;RL
  S
0
R
0
L
0
;RL
o
+ K
i
RL
(r
R
) :
(5.6)
Hene, the solution of the Shrodinger equation (5.2), in the MTO basis, an be
written as 	(r; ") =
P
RL

RL
(r
R
; ")a
RL
. After replaing the MTO basis (5.6), one
an see that this solution satisfy the Shrodinger equation, inside R
0
, only when the
oeÆients of J
R
0
L
0
(r
R
0
) vanish. This is known as the tail-anellation ondition and
gives the KKR-ASA seular equation [Andersen 87℄,
X
RL
a
RL
n
P
0
RL
(")Æ
R
0
L
0
;RL
  S
0
R
0
L
0
;RL
o
= 0 : (5.7)
This is the equation that one must solve instead of (5.2). The struture onstant,
S
0
, and the potential funtion P
0
, are dened by equations (B.4) and (B.6), re-
spetively. The struture onstants are the expansion oeÆients of the irregular
solutions into the regular ones. The potential funtion is a result of the mathing
onditions at the atomi surfaes. The a
RL
are the expansion oeÆients of the wave
funtion in the muÆn-tin orbital basis.
The seular equation (5.7) has nontrivial solutions only when the determinant of
the matrix into brakets in (5.7) is zero. This gives the eigenvalues "
i
of the solid.
As an be seen, the equation (5.7) separates the whole problem into struture on-
stants, and a potential part, that depends only of the energy ".
Exatly the energy dependene of P makes the problem (5.7) a non-linear one
7
.
5
Aording to the asymptoti behavior for r ! 0, the funtions J
L
(r
R
), and K
L
(r
R
) are
onsidered as regular and irregular solutions, respetively.
6
Within the ASA, the funtions K
i
RL
(r
R
) are not onsidered beause the interstitial region has
volume zero.
7
The struture onstants, S
0
R
0
L
0
;RL
, are independent of the energy in the ASA as onsequene
of taking a zero kineti energy in the interstitial region.
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However, an equation linear in energy, suh as the eigenvalue equation, is more fa-
miliar and omputationally more eÆient. The linearization of the seular equation
(5.7) follows from an energy linearization (Taylor expansion) of the MTO basis (5.6)
around some referene energy "
R`;
whih is usually hosen in the enter of the o-
upied part of the valene state density of the orbital RL. Thus, the new linearized
MTO basis, LMTO basis, an be written as follows (in braket-notation),
j
RL
i = j
RL
i+
X
R
0
L
0
n
j
_

R
0
L
0
i+ j
R
0
L
0
i o
R
0
L
0
o
h
0
R
0
L
0
;RL
; (5.8)
where h
0
= H
0
  "

(see equation (5.9)). The elements "
R`;
of the diagonal matrix
"

are the referene energies used in the basis linearization. The dot in j
_

RL
i means
the energy derivative of the partial wave, evaluated in " = "
R`;
. The matrix o
has diagonal elements o
RL
Æ
R
0
L
0
;RL
= h
R
0
L
0
j
_

RL
i, where j
_

RL
i is the part inside the
brakets in equation (5.8).
As expeted, the seular equation (5.7) in the LMTO basis redues to an linear
equation (eigenvalue problem), (H
0
  "O
0
)a = 0, where the Hamiltonian matrix is
written as [Andersen 87℄,
H
0
= C +
p
 S
0
p
 ; (5.9)
and C and , are diagonal matries whose matrix elements are the so-alled potential
parameters that justly linearize the potential funtion P
0
(") in the following way
(indies R` omitted)
P
0
(")
 1
'

"  C
+  : (5.10)
The potential parameters are dened in equation (B.8). Physially, C, , and 
give the position of the band entre, the width of the band, and the distortion of
the band, respetively.
Transformation of the orbital basis
It is possible to obtain dierent LMTO basis sets with ertain properties, suh as
orthogonality or tight-binding behavior. This follows on writing equation (5.7) as
P [S
 1
+     P
 1
℄Sa = 0 with a new matrix  whih is diagonal with elements

R`
that are freely hosen. Then, from the transformations
(S
0
)
 1
    (S

)
 1
and (P
0
)
 1
    (P

)
 1
; (5.11)
follows the new representation [P

  S

℄a

= 0 with the same eigenvalues as equa-
tion (5.7).
The LMTO basis and the multiple sattered-wave method have many ommon prop-
erties
8
, suh as the muÆn-tin potential, the atomi basis funtions, the expansion in
8
A numerial omparative study an be found, for instane, in [Arnold 97℄.
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loal angular-momentum basis funtions, the struture onstants, the seular equa-
tion (5.7), and the resonant potential funtion. For instane, the potential funtion
is related with the phase shift as follows, P
RL
= P
R`
(") =   ot 
R`
("). Thus, from
equation (5.11), one an relate  to a bakground phase shift whih provides the
expeted properties.
In the following we desribe dierent LMTO basis-sets with their respetive prop-
erties. The eletion of  = 0 provides the original LMTO basis, also alled the
anonial LMTO basis, desribed above.
The eletion of  =  gives P

= ("  C)= whih provides an orthogonal LMTO
basis. Thus the eigenvalue equation is redued to (H

  "I)a = 0 with the Hamil-
tonian
H

= h

+ "

= C

+
p


S

p


: (5.12)
This is the LMTO basis employed in the present work together with the superell
onept (desribed below).
The tight-binding LMTO basis, TB-LMTO, is obtained from the transformation
equations (5.11) with the ondition that the basis must be most-loalized. The
struture onstants in the anonial LMTO basis, S
0
, are long-range, i.e. they
derease slowly with the inreasing distane jR R
0
j. However, for numerial alu-
lations one wants to have struture onstants with rapid onvergene on inreasing
jR R
0
j. It was shown [Andersen 84b, Andersen 85, Andersen 87℄, for dierent rys-
talline latties, that a partiular hoie of sreening onstants 
R`
= 
`
, where 
`
is
independent of R, leads to the tight-binding struture onstants S

.
Table 5.1: Sreening onstants 
R`
= 
`
employed for the transformation of the onventional
(anonial) LMTO basis to the tight-binding (sreened) LMTO basis, see equation
(5.11). The values have been taken from [Andersen 87, Turek 97℄.
`
max

s

p

d

f
0 0.2143
1 0.2872 0.02582
2 0.3485 0.05303 0.01071
3 0.3851 0.07321 0.02248 0.00607
As expeted, the S

RL;R
0
L
0
, also alled sreened struture onstants, derease rapidly
after inreasing the distane jR   R
0
j. This provides us the possibility to alulate
only those elements S

RL;R
0
L
0
for whih jR   R
0
j is shorter than the distane to the
seond nearest neighbors, see appendix B.2 for details. Moreover, it is important
to note that the 
`
values, optimized for simple rystalline strutures, have been
employed even for omplex lose-paked models, suh as amorphous and approx-
imants of quasirystals, for instane see [Nowak 91℄ and [Windish 94, Kraj 99℄,
respetively. The optimal 
`
-values depend only on the maximum orbital ` used in
the basis, `
max
. These values are listed in table (5.1).
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Thus, the hamiltonian matrix in the tight-binding LMTO representation is given
by,
H

= h

+ "

= C

+
q


S

q


: (5.13)
The TB-LMTO basis has been employed in superell [Kraj 99℄ and real spae
(reursion) [Hafner 93℄ methods to aount for the eletroni properties of approx-
imants of quasirystals. The k-summation in the superell methods provides the
spetral ne struture of the state density that omes from long-range eets.
Superell onept
The superell onept gives us the possibility to study a material onsidering only
the atomi order in a large unit-ell. Surfae eets are avoided applying the peri-
odiity of the superell. This onept an be employed in models of amorphous and
liquid phases where the struture models are also generated with periodi boundary
onditions. Superells have diret appliations in realisti low order approximants of
quasirystals beause they are rystals with more than 100 atoms in large unit-ells.
Thus, the lattie points R an be expressed in the form R = B + t where the
vetors B denote the basis vetors while the vetors t are the translation vetors.
Hene, the LMTO basis, an be transformed into a k-dependent basis, j

BL
(k)i (the
super-index  indiates the orbital basis), by
j

BL
(k)i =
X
t
j

(B+t)L
i e
ikt
; (5.14)
where k denotes a vetor from the rst Brillouin zone (1.BZ). Then, the eigenvalue
problem is transformed
9
to fH

(k)  "
k;(i)
I g a
k;(i)
= 0 with
H

(k) = C

+
p


S

(k)
p


; (5.15)
where,
S

B
0
L
0
;BL
(k) =
X
t
S

B
0
L
0
;(B+t)L
e
ikt
: (5.16)
The eletroni wave funtion of the eigenstate "
k;(i)
an be expanded in the LMTO
basis as,
j	
k;(i)
i =
X
BL
j

BL
(k)i a
k;(i)
BL
; (5.17)
where a
k;(i)
BL
are the eigenvetors of the Hamiltonian (5.15) orresponding to the
eigenvalue "
k;(i)
.
9
Of ourse, this proedure redues the size of the matries in the eigenvalue problem. One works
only with atoms, B, in the superell instead of atoms, R, in the whole rystals. For example, for
hundred atoms in the superell and nine orbitals (spd) per atom, the size of the Hamiltonian matrix
(5.15) is 900900.
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The loal density of states of the atomi sphere B an be alulated from bn
B
(") =
R
(B)
d
3
r n(r; ") =
P
`
n
Bl
("), where,
n(r; ") = 2
X
k;(i)
j	
k;(i)
(r)j
2
Æ("  "
k;(i)
) =  
2

Im G
+
(r; r; "+ i0) : (5.18)
This equation relates the Green funtion with the state density. The delta funtions
in (5.18) are replaed by gaussians, equation (3.6), whih gives a smooth density of
states. Moreover, deviations from the perfet struture are aounted for by this
Gaussian broadening. The total density of states an be obtained as the sum over
all loal state densities, bn(") = (1=N

)
P
N

B
bn
B
(") (here, N

is the number of atoms
in the superell).
The spetral ondutivity an be alulated employing the Kubo-Greenwood for-
mula
10
, equation (3.5), whih is evaluated with the LMTO wave funtions. In this
formula, the matrix elements h	
k;(i)
jv

j	
k;(j)
i are alulated following Hobbs et al.
[Hobbs 95℄ and Arnold [Arnold 97℄. This is not a straightforward task and will be
briey explained in appendix B.1.
Finally, it is worth noting that the summation of the k vetors in the 1.BZ an be
performed in dierent ways. The tetrahedron [Jepsen 71℄ method and the speial-
point sheme [Baldereshi 73, Chadi 73℄ are the most ommon proedures used. The
last one will be employed here and a desription of it is presented in appendix B.1.
TB-LMTO luster reursion method
The properties of the TB-LMTO basis were desribed above, in the following we
present this basis in relation with the reursion proedure for r-spae alulations.
Two reasons guide us to use the TB-LMTO basis together with the reursion pro-
edure instead of the superell method. Firstly, the existene of spikes whih an
inuene the transport properties of quasirystals, as disussed in hapter 4, an
be tested employing r-spae luster reursion methods. Thus, after omparing the
LMTO-ASA superell results with the TB-LMTO luster reursion method, spuri-
ous spetral struture, that an arise from the k-summation, should be identied.
Seondly, reursion methods permit to work with struture models ontaining up to
1000-1500 atoms per luster. This is not possible with the superell onept.
However, approximants and quasirystals have wide eletroni valene bands, 12
eV, due to their high ontent of aluminium. Thus, a transformation to a basis that
provides a Hamiltonian with more auray in ("   "
R`;
) is required. Hene, for
the reursion method the TB-LMTO basis must be transformed to the orthogonal
LMTO basis ( = ), beause, the Hamiltonian of the rst one is aurate to rst
order in ("  "
R`;
) whereas the Hamiltonian of the seond one is aurate to seond
10
An additional summation over k vetors must be performed in (3.5) beause of 	
k;(i)
and "
k;(i)
depend on k.
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order in ("  "
R`;
). Therefore, through the expansion [Andersen 87, Bose 88℄,
h

= h

(1 + o

h

)
 1
= h

  h

o

h

+ h

o

h

o

h

     ; (5.19)
the nearly orthogonal Hamilton matrix, equation (5.12), is obtained. Note that the
expansion (5.19) is more eÆient to build diretly the orthogonal Hamiltonian (5.12)
beause the struture onstants in the TB-LMTO basis are the most loalized and
onverge more rapidly (as explained above).
Similarly, a transformation of the potential parameters is given by [Andersen 87,
Bose 88℄ (indies R` omited),
C

  "

C

  "

=






1=2
=
   
o



= 1 +
   


(

  "

) : (5.20)
In this work, the TB-LMTO Hamiltonian will be transformed into the orthogonal
LMTO Hamiltonian employing the expansion (5.19) up to the term h

o

h

o

h

where onvergene is reahed. Then, this hamiltonian will be employed together
with the reursion proedure to obtain the eletroni properties (see below).
Reursion proedure
In the framework of eletroni struture alulations, the goal of the reursion
method [Haydok 80℄ is that it avoids the solution of the eigenvalue problem pro-
viding diretly projeted state densities,
bn
'
(") = lim
!0

 
1

Im G
';'
("+ i)

; (5.21)
whih are obtained from a diagonal element of the one-partile Green funtion
G(" + i) = (" + i   H)
 1
, with H a given Hamiltonian and  a positive in-
nitesimal. In equation (5.21), bn
'
(") reads density of states projeted onto the
state j'i, for example, if this state is a loal atomi orbital ` at the site R then,
the projeted density of states is just the omponent ` of the loal state density,
bn
R`
(") (.f. equation (5.18)). As was disussed in hapter 4, densities of states are
important quantities beause their spetral features an determine the transport.
The reursion proedure is a real-spae tehnique to tridiagonalize a symmetri
(Hermitian) matrix. This tehnique is related to the symmetri Lanzos method
[Lanzos 50℄. In our ase, the symmetri matrix is the orthogonal LMTO Hamilto-
nian, H

= h

  

, whih is obtained from the TB-LMTO one, equation (5.19).
The basi idea of the reursion method is simple: it denes a basis fjnig, alled the
Lanzos basis, in whih the symmetri (Hermitian) Hamilton matrix adopts a tridi-
agonal form, T . Then, the orresponding one-partile Green funtion, G(" + i) =
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("+ i   T )
 1
, an be expressed as a ontinued fration,
G(z) =
1
z   a
1
 
b
2
1
z   a
2
 
b
2
2
.
.
.
z   a
n
 
b
2
n
.
.
.
z   a
n
max
  b
2
n
max
t(z)
; (5.22)
where z = "+i, and fa
n
; b
n
g are the diagonal, respetively, non-diagonal elements of
the tridiagonal matrix T , see equation (B.39). n
max
is hosen suh that n
max
 N ,
where N is the dimension of H. After inserting this ontinued fration, equation
(5.22), into (5.21) one obtains a simple form for the state density.
The reursion oeÆients fa
n
g and fb
n
g depend on the state j'i. In fat, hoosing
an initial state j1i  j'i, the reursion proedure gives (see appendix B.2),
a
1
= h1jHj1i
b
2
1
= h1j(H  a
1
I)
y
(H  a
1
I)j1i
j2i =
1
b
1

(H  a
1
I)j1i

;
(5.23)
together with (n  2)
a
n
= hnjHjni
b
2
n
=

hnj(H  a
n
I)
y
  hn  1jb
n 1

(H  a
n
I)jni   b
n 1
jn  1i

jn+ 1i =
1
b
n

(H  a
n
I)jni   b
n 1
jn  1i

:
(5.24)
As a result of this proedure, the new fjnig form an orthogonal basis whih is related
to the original basis (in our ase, orthogonal LMTO basis) by
jni =
X
RL
u
n
RL
j

RL
i ; (5.25)
where the oeÆients u
n
RL
are the weights of eah j

RL
i. For example, if we want
to alulate the omponent `
1
of the loal state density at R
1
, then our initial state
j1i = j'i is obtained from (5.25) hoosing u
1
R
1
`
1
= 1, and u
1
RL
= 0 for allRL 6= R
1
L
1
.
The loal physis of the system is ompletely determined by fjnig and the oeÆients
fa
n
g and fb
n
g whih are xed after hoosing j'i (the initial state j1i). An one
dimensional system has, in the tight-binding approximation (5.1), a three-diagonal
Hamiltonian whih is similar to T , (B.39). Therefore, the transformation (5.25) an
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a a a a a
b b b b bb
1 2 3 4
1 2 3 4 b nmax
nmax a a a
|1> |2> |3> |4> |n        >max Terminator
Figure 5.2: Shemati representation of the reursion proedure in an one-dimensional hain
model. Choosing the rst node j1i = j'i the oeÆients a
n
and b
n
, and the states
jni an be determined, as shown in text. After some level n
max
a terminator is
employed. Drawing based on [Haydok 80℄.
also be seen [Haydok 80℄ as the mapping of the three-dimensional system onto a
one-dimensional hain model, see gure (5.2).
Finally, t(z) in (5.22) is a terminator funtion applied at the level n
max
, see gure
(5.2). t(z) emulates the eet of the innite tail of the ontinued fration and makes
the spetrum a ontinuous one. If after some level n
max
one takes onstant reursion
oeÆients: a
i
= a
n
max
= a and b
i
= b
n
max
= b, the remainder innite ontinued
fration an be performed analytially. Thus, the terminator an be written as
t(z) =  
(z   a)
2

p
(z   a)
2
+ 4b
2
2
: (5.26)
This terminator is alled the square-root terminator. The Green funtion of a surfae
atom in an one-dimensional periodi system has just the form of t(z), (5.26), where
a is the site energy and b the hopping term. That means, its state density is given
by, bn(") = lim
!0

 (1=) Im t("+ i)

.
Normally, the oeÆients a
n
and b
n
do not onverge to determined values whih
an be employed for the terminator funtion. In this ase, other more sophistiated
ways to get the asymptoti values, a and b, from the know ones is required. The
Beer and Pettifor [Beer 84℄, and Luhini and Nex [Luhini 87℄ terminators are the
most ommon proedures.
Eletroni diusivity within the reursion method
Transport properties an also be determined employing the reursion proedure. If
we have the eletroni diusivity then, the spetral ondutivity an be alulated
employing the Einstein relation (3.8). In fat, after rewriting the Kubo-Greenwood
formula of the spetral ondutivity (3.5), Bose showed that the eletroni diusivity,
at the Fermi energy, an be alulated by [Bose 93℄,
D
;
("
F
) = lim
!0

 ~ Im

h"
m
jv

G("
F
+ i) v

j"
m
i

"
m
="
F

; (5.27)
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where
 
"
m
="
F
means an average over the eigenfuntions with energies "
m
= "
F
.
Thus, the eletroni diusivity an be seen as the average of state densities projeted
onto states v

j"
m
i. That means, taking j1i  j'i = v

j"
m
i=q as our initial state with
q
2
= h"
m
jv

v

j"
m
i, the reursion proedure, desribed above, an be employed
11
.
Two problems arise with the determination of the initial state. Namely, the alu-
lation of the veloity matrix v

and the eigenfuntion j"
m
i. The rst one an be
determined from v

= (i=~) [H; ℄, as explained in appendix B.2. The eigenfun-
tion with energy " = "
m
an be obtained employing a modied reursion proedure,
alled lter tehnique, proposed by Stein and Krey [Stein 80℄, see appendix B.2.
At least, it is worth noting that numerial alulations of projeted state densities,
equations (5.21) or (5.27), are realized employing a xed  whih is very small but
non-zero. The meaning of this is similar to the width of the Lorentz funtions (3.7)
employed in the Kubo-Greenwood formula (3.5).
Landauer-Buttiker Condutane
In the following, we present the way to alulate the ondutane of a quasi-one
dimensional system employing the Landauer/Buttiker approah [Buttiker 85℄. A
detailed desription of the proedure an be found in [Kahnt 94, Kahnt 95, Loser 96℄.
In the following we present only a brief desription of this method.
The eletron sattering at a two-dimensionally periodi layer an be treated in a
plane wave basis. The plane waves



("; k
jj
; r) =
1
p
k

e
i k


r
;
k


= k
k
+  + e^
z
 

;


=
q

2
  (k
k
+  )
2
;
(5.28)
are haraterized by the energy " = 
2
and by the parallel omponent of the wave
vetor k
k
whih is onned to the rst Brillouin zone of the two-dimensional reip-
roal lattie (lattie vetors ). There exist two kinds of waves: propagating and
evanesent waves for 
2
 (k
k
+ )
2
and 
2
< (k
k
+ )
2
, respetively. The number
of propagating waves is nite and the number of evanesent waves innite. Suh
a layer transmits and reets an inoming wave with wave-vetor k
k
into sets of
outgoing waves on both sides of the layer (see the shemati proess in gure (5.3)).
The planar sattering problem is solved in the framework of the muÆn-tin sat-
tered wave method where the energy dependent phase shifts are alulated self-
onsistently for the eetive atoms of the LMTO-ASA superell approah, see for
instane [Arnold 97℄. Thus, the transmission matrix, t(d), of a bar (thikness d) an
be obtained from S
s
= iB[F
 1
  G℄
 1
A, the sattering matrix in the plane wave
11
The use of the fator q in j1i  j'i = v

j"
m
i=q is neessary beause the reursion equations
require h1j1i = 1. Hene, the obtained diusivity must be nally multiplied by q
2
.
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representation
12
.
Hene, the ondutane of a bar (really slab, see below), is alulated through,
G(d) =
2e
2
h
Tr

t
y
(d) t(d)
	
: (5.29)
The linear average of
R(d) = G
 1
(d) = R
o
+

d
A

+ utuations ; (5.30)
provides the resistivity of the system [Kahnt 95℄.
This implementation is lose to the low energy eletron diration (LEED) approah,
i.e. we have ideal-leads boundary onditions along the transport diretion and peri-
odi transverse boundary onditions. This transforms the bar into a slab (thikness
d) in free spae.
Finally, it is worth noting that the Landauer/Buttiker onept, in similar form as
the previously presented methods, works for systems ontaining transition metals
[Kahnt 95℄. Of ourse, this is of interest for the study of realisti iosahedral qua-
sirystals ontaining transition metals.
incident
reflected
transmitted
Ψ
t(d)Ψin
in
resistor
d
A
Figure 5.3: Shemati desription of the Landauer/Buttiker model of ondutane. Cross
setion A, and length d. The information neessary to obtain the ondutane of
the material is ontained in the transmission matrix t(d), see text for details.
12
The matrix i[F
 1
 G℄
 1
is a result of the multiple sattering theory, where F is the sattering-
amplitude matrix and G the struture onstants. The matriesA and B provide the transformations
of the amplitude vetors in the plane wave and angular-momentum representations: for the inident
wave j	
in
i = Aj	
in
pw
i, and for the sattered wave j	
s
pw
i = Bj	
s
i [Kahnt 94, Loser 96℄.
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Chapter 6
The Al-Cu-Fe system
In the present hapter, we will show alulations of the eletroni properties of Al-
Cu-Fe approximants/quasirystals taking into aount the strutural and hemial
order. For this end, spetral properties are alulated employing ab-initio methods,
see hapter 5. As was disussed in hapter 4.3, it is expeted that the loal hemi-
al order (10-20

A) provides spetral features in approximant phases whih an be
resaled to aount for the related quasirystal to explain its anomalous transport
properties, see hapters 3 and 4.
The hapter is organized as follows. First, we will desribe the strutures of the
investigated phases. In the next two setions, both the spetral and temperature
dependent properties of the 1/1 approximant will be presented and ompared with
rystalline and amorphous phases. Thus, one an searh for peuliar spetral fea-
tures of the approximant phase. The iosahedral Al-Cu-Fe bulk quasirystal is
studied in the last setion.
Struture models
Cokayne et al. [Cokayne 93℄ proposed a struture model for the 1/1 approximant
of the iosahedral Al-Cu-Fe phase, hereafter alled the Cokayne model, whih has
the following properties:
 A ubial ell with lattie onstant a = 12:3

A and spae group P2
1
3, see table
(6.1).
 There are 128 atoms in the unit ell (80 Al, 32 Cu, and 16 Fe).
 One an disriminate 14 non-equivalent sites, see table (6.1).
 The basi luster of this struture is the Bergman iosahedron (33 atoms)
formed by a Cu atom in the enter, an inner iosahedral shell (3 Fe and 9 Al)
and an outer shell of 20 atoms (13 Cu and 7 Al).
 Eah unit ell ontains four overlapping Bergman iosahedra in a fae-entered
arrangement together with 20 glue atoms (16 Al and 4 Fe), see gure (6.1).
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 The Fe atoms form a Fibonai planar order (lsllsl... sequene with l=s =


= (
p
5+1)=2) in three perpendiular diretions, see gures (6.1) and (6.9).
We will ome bak to this point below.
The Cokayne model is preferred beause the unit ell is stritly dened. Other
models [Quiquandon 97, Takeuhi 00℄ are not fully dened.
Figure 6.1: Cluster formation of the i-Al-Cu-Fe 1/1 approximant. From left to right, the inner
iosahedron (1 Cu, 3 Fe, 9 Al), the Bergman luster: 1 Cu atom in the enter, an
inner iosahedral shell and an outer shell of 20 atoms (13 Cu and 7 Al), and the
128 atoms in the unit ell: four overlapping Bergman lusters in a fae-entered
arrangement together with 20 glue atoms (16 Al, and 4 Fe). Note the planar
arrangement of Fe atoms. Code: Fe (red), Cu (blue), Al (green).
The rystalline non-approximant phase employed here is the !-Al
7
Cu
2
Fe with spae
group P4=mn and lattie onstants a = b = 6:336

A, and  = 14:87

A [Villars 91℄.
This non-approximant rystal has 40 atoms in the unit ell (28 Al, 8 Cu, and 4 Fe).
Table 6.1: Struture parameters of the 1/1 approximant of the i-Al-Cu-Fe [Cokayne 93℄:
Lattie onstant a = b =  = 12:3

A, and Spae Group P2
1
3. Atom types,
symmetry sites, and oordinates (x,y,z) in (a,b,)-units are presented.
Atom Site x/a y/b z/ Atom Site x/a y/b z/
Fe(1) 4a 0.843 0.843 0.843 Cu(1) 4a 0.336 0.336 0.336
Fe(2) 12b 0.540 0.348 0.672 Cu(2) 12b 0.036 0.836 0.150
Al(1) 4a 0.049 0.549 0.951 Al(6) 4a 0.543 0.043 0.457
Al(2) 12b 0.030 0.541 0.346 Cu(3) 12b 0.554 0.022 0.858
Al(3) 12b 0.226 0.857 0.475 Al(7) 12b 0.732 0.343 0.336
Al(4) 12b 0.247 0.850 0.833 Al(8) 12b 0.230 0.533 0.635
Al(5) 12b 0.732 0.029 0.159 Cu(4) 4a 0.348 0.848 0.652
On the other hand, modeling amorphous three-omponent systems is not a simple
task, beause, neither partial pair orrelations nor the orresponding interation po-
tentials are known. Morse potentials have been applied to MaKay-type iosahedral
Al-Mn phases [Tei-Ohkawa 93℄. We employ the same potentials in a Monte-Carlo
approah and obtain a model for amorphous AlFe.
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It is worth noting that the last two struture models have similar ompositions lose
to the 1/1 approximant, Al
62:5
Cu
25
Fe
12:5
. The ompositions for the non-approximant
rystal, and the amorphous phase are Al
70
Cu
20
Fe
10
, and Al
84
Fe
16
, respetively.
6.1 Spetral properties
Three energy sales
As was disussed in hapter 4, spetral strutures of the order of 1 eV are proved
important for the stability of the Hume-Rothery quasirystalline (approximants),
rystalline, and amorphous phases. The anomalous transport properties of qua-
sirystals (approximants) are attributed to very ne spetral features (spikes of
the order of 10-20 meV), as onsequenes of the quasiperiodiity [Fujiwara 89,
Fujiwara 93b℄. However, the existene of spikes is under debate, see hapter 4.
In the following, the spetral features of the state density are disussed in three
energy sales: i) the 1 eV sale, important for the stability, ii) the 10-20 meV
sale, due to a ombined eet of nite k-spae summation (artifat of the alu-
lation) and the quasirystalline struture (for the approximant), and iii) the 100
meV sale, whih an explain quantitatively the anomalous transport of quasirys-
tals (approximants).
Calulations with high energy resolution are required to analyse spetral features of
the order of 10-20 meV and higher. Figure (6.2) shows the total densities of states
of the approximant (left), amorphous (middle), and non-approximant rystalline
(right) phases. These alulations have been arried out employing the LMTO-ASA
superell method (see hapter 5) with an energy interval of 1 meV for the approx-
imant, and 1.4 meV for the other phases. The DOS is smoothed with Gaussian
broadening, half-width  = 5 meV, of the one-partile energies. Thus, all spe-
tral features on a sale smaller than 10 meV are smeared out. Inreasing the set
of speial points, fK
(n)
g, the number of the employed k-points inreases: following
equation (B.22), 4, 20, 120 speial k-points are employed for n =2, 3, 4, respetively.
The results presented in gure (6.2) show that the state densities of the approximant
as well as the amorphous and the non-approximant rystalline models are spiked.
The spikes in the urves for both the metalli amorphous and the non-approximant
rystal have no physial justiation, beause, neither anomalous properties nor el-
ements of quasiperiodiity are given. Furthermore, one an see that after inreasing
the set of speial points, the spiked struture is redued. In similar form, for a given
set of speial points, the spiked struture redues from the non-approximant rystal
to the approximant. This is due to the number of atoms in the unit ell: the non-
approximant rystal, the amorphous model, and the approximant ontain 40, 100,
and 128 atoms, respetively. These results are in agreement with the works of Zi-
jlstra (three-dimensional Penrose tilings, [Zijlstra 01℄) and Haerle and Kramer (toy
models of simple ubi He rystals, [Haerle 98℄), where it is shown that unphysial
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Figure 6.2: Total DOS alulated employing the LMTO-ASA superell method with high energy resolution. The energy interval is 1 meV for
the approximant, and 1.4 meV for the other phases. The DOS is smoothed with Gaussian broadening (half-width  = 5 meV) of
the one-partile energies. The number of k-points inreases from top to bottom (see text).
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spikes depend on the unit-ell size (number of atoms) and the number of k-points
employed. In the approximant phase, however, some ne struture is not an artifat
of the alulation, as shown by Zijlstra [Zijlstra 01℄. Moreover, sattered wave luster
tehniques (r-spae alulations) indiate the presene of narrow spetral features
in the state density due to long-range eletroni interferenes in the transition metal
sub-systems of iosahedral quasirystals/approximants [Trambly 97, Solbrig 00a℄.
This means, not all ne struture in approximants/quasirystals is an artifat of
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Figure 6.3: Total density of states of three dierent Al-Cu-Fe phases: a) the Cokayne model
of the 1/1 approximant of the iosahedral phase, b) the non-approximant rys-
talline !-phase, and ) the modeled amorphous phase. LMTO-ASA superell
alulations: K
(3)
(for the rystalline non-approximant K
(4)
), energy interval of
20 meV, and Gaussian half-width of 15 meV.
the alulation. However, the separation of realisti spikes and those produed by
omputational limitations is not straightforward.
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On the other hand, following the disussion of hapter 4.3, one wants to identify
spetral features of the approximant phase that should be presented in the qua-
sirystal, too. Furthermore, these narrow features must remain after inreasing the
temperature to be able to explain the anomalous transport properties.
One way to avoid the unphysial and/or unstable spikes is to perform a sequene
of alulations with growing Gaussian broadening of the one-partile energies (re-
dution of the energy resolution). Thus, the unphysial and/or unstable spikes will
not "survive" after inreasing the "temperature" (2 ' k
B
T ). Hene, the remain-
ing spetral feature an be onsidered as typial for the phase under study. In fat,
LMTO-ASA superell alulations with  = 15meV and energy interval of 20 meV
for the three phases are presented in gure (6.3). As expeted, spikes are eliminated
and spetral features from 50 meV onwards an be identied. Hereafter, we avoid
the spikes employing  ( ) of the order of 15-20 meV. Correspondingly, the energy
interval is inreased to 10-20 meV to redue the omputational time.
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Figure 6.4: Al, Cu, and Fe partial state densities of the i-Al-Cu-Fe approximant phase. The
peaks around 4 eV and 1 eV below the Fermi energy are due to d-Cu, and d-Fe
orbitals, respetively. LMTO-ASA superell alulations: K
(3)
, energy interval of
20 meV, and Gaussian half-width of 15 meV.
As an be seen in gure (6.3), a pseudogap of the order of 1 eV is found in the
approximant and the rystalline phase. This onrms that both phases are Hume-
Rothery stabilized phases
1
. The pseudogap is enhaned by hybridization of sp-Al
1
Really, the amorphous phase is also a Hume-Rothery phase. That means, it has also a pseudo-
gap at the Fermi energy [Traverse 96℄. The absene of this pseudogap in our results is attributed
to our simple amorphous model (Monte-Carlo with Morse potentials). A more realisti model
[Arnold 97℄ for the amorphous Al-Mn system shows that the DOS have indeed a Hume-Rothery
pseudogap.
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with d-Fe states. Figure (6.4) shows the partial (Al, Cu, and Fe) DOS of the i-Al-
Cu-Fe approximant phase: i) the bottom of the valene band (from -12 eV to -6
eV) is free-eletron-like and due to Al atoms, and ii) the peaks around -4 eV, and -1
eV are due to d-Cu, and d-Fe orbitals, respetively. These results are in agreement
with previous LMTO-ASA alulations [Trambly 94, Trambly 95℄ and experimental
results [Davydov 98℄.
In dierene to the amorphous and the non-approximant rystal, the approximant
phase has a narrow pseudogap of the order of 150 meV, see gure (6.3). Note
that this narrow pseudogap is also present on the partial state densities, see gure
(6.4). In the following, we will disuss about the origin, stability, and inuene
of this spetral ne struture on the anomalous eletroni transport of approxi-
mants/quasirystals.
Transport depends on both the number and the harater of
arrier states
In relation with the disussion of hapter 3.2, here will be shown that not only the
amount of partiipating states but also the kind of the states are important to deter-
mine the metalli or non-metalli harater of the material onsidered. Furthermore,
the inuene on the resistivity of the narrow DOS-pseudogap in the approximant
phase will be studied. For this end, the spetral properties, suh as the resistivity,
diusivity, state density, and partiipation ratios, of the approximant phase are om-
pared with the amorphous and the non-approximant rystalline phases.
The spetral ondutivity/resistivity, and the eletroni diusivity are alulated
employing the eigenvalues and eigenfuntions obtained from the LMTO-ASA su-
perell method together with the Kubo-Greenwood formula (3.5), and the Einstein
relation (3.8), respetively. The partiipation ratio indiates the part of sites par-
tiipating with a substantial amplitude in a wave funtion. It is dened as,
P (") =
1
N

P
i

2
i

2
P
i

4
i
; (6.1)
where N is the number of sites per unit ell multiplied by the number of orbitals
(e.g. 3 for s; p; d orbitals), and the 's are the oeÆients in the orbital expansion
of the eletroni wave funtion, see equation (5.17) or (B.9). The partiipation ra-
tio has two limiting ases: i) when only one oeÆient 
i
is dierent of zero, then
P (")! 1=N (if N !1 then, P (")! 0), and ii) when eah oeÆient 
i
= 1=
p
N ,
then P (")! 1. The rst ase desribes a pseudo-loalized wave funtion (remember
that the lattie periodiity does not permit to speak about true loalization). The
seond ase desribes a wave funtion distributed homogeneously on all sites of the
unit ell (onsidering the periodiity, over all rystal sites).
Figure (6.5) summarizes the results for the three phases: the approximant, amor-
phous, and the non-approximant rystal. The total DOS, shown in gure (6.3), is
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Figure 6.5: Spetral properties of Al-Cu-Fe phases. From top to bottom: resistivity, in-
verse of the diusivity, density of states, partiipation ratios (eah urve has been
shifted upwards by 1), and a measure of the veloity matrix elements, =n
2
, of
the 1/1 approximant (red), amorphous (blue), and rystalline non-approximant
(green) phases. LMTO-ASA superell alulations: K
(3)
(for the rystalline non-
approximant K
(4)
), energy interval of 10 meV, and Lorentzian half-width of 20
meV.
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here presented in the energy range 5 eV around the Fermi energy. As expeted,
the spetral resistivity at the Fermi energy grows in the sequene non-approximant
rystal, amorphous phase, approximant. A wide d-Fe peak around the Fermi en-
ergy is found in the amorphous and approximant phases. The d-Cu peak at 4 eV
below the Fermi energy has no diret onsequenes for the transport, i.e. disorder,
temperature, or deviations in the stoihiometry are not able to shift the Fermi en-
ergy down to these energies. A narrow peak, at 0.23 eV above the Fermi energy,
in the approximant phase has no ounterparts in the other phases. We believe that
this spetral ne struture is responsible for the anomalous transport of approxi-
mants/quasirystals, as will be shown below. The Fermi energy an well be shifted
to this region by defets [Piere 93a℄. On the other hand, the eletroni diusivity
at the Fermi energy of the approximant is D  0:36 m
2
=s whih is in reasonable
agreement with experimental results suh as D  0:3 m
2
=s [Klein 91℄.
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Figure 6.6: i-Al-Cu-Fe approximant, spetral resistivity 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ulated for growing  . Eah urve
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alulations: K
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,
energy interval of 10 meV.
The ondutivities in a group of phases are Mott-like, i.e. b  bn
2
("
F
), if they are
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ontrolled by the amounts of states whih are available lose to "
F
. The states them-
selves are equally omposed. This is indiated by missing energy dependene of the
on-energy shell veloity matrix elements,

M
2
/ b=bn
2
, of eah phase
2
. This mea-
sure of the veloity matrix elements is drawn in gure (6.5) for the three Al-Cu-Fe
phases. It an be seen that b=bn
2
hanges strongly with the energy, espeially for the
non-approximant rystal and the approximant. That means, they are not Mott-like
systems. As expeted, the veloity matrix elements follow the partiipation ratios:
dierent ompositions of states are indiated by the partiipation ratios (6.1), then,
it is expeted that both P (") and b(")=bn
2
(") behave similarly. With respet to
the partiipation ratios, note that the self-onsistently determined "
F
lies exatly
between d dominated states below "
F
, and sp dominated states above "
F
. Thus,
partiipation of d-Fe orbitals give rise to rapid spetral hanges of the harater of
states.
As was pointed out above, the main dierene between the approximant phase and
the other ones is the narrow peak, at 0.23 eV above "
F
, found on the spetral resis-
tivity, see gure (6.5). We believe that this ne struture provides the anomalous
transport properties of the approximant/quasirystal in a wide temperature range.
This an be realized inreasing the Lorentzian broadening (half-width  ) of the
energy delta-funtions, see equations (3.5) and (3.7). Figure (6.6) shows spetral
resistivity urves of the approximant phase for a few seleted   values
3
. Rising  
auses the spetral ne struture to be smeared out. Note that the peak at 0.23
eV above "
F
survives inreasing   but its height and width are lowered and en-
larged, respetively. Figure (6.7) shows the inverse heights of the two prominent
ne-struture peaks in gure (6.6) (at  0:2 eV), i.e. b
 1
max
plotted versus  . Two
saling regimes are found: i) b
 1
max
/  
1=4
at large  , and ii) b
 1
max
/  
2
below a
ross-over,  
r
 5 eV, for both peaks. As was disussed in hapter 3.2, the seond
regime is unphysial beause   is less than the average level distane, Æ", and thus
only the produt of the two delta (Lorentz) funtions in equation (3.5) appears in
gure (6.7) below  
r
.
The extrapolation of the saling at   >  
r
down to    0:1 meV provides re-
sistivities in the range of 1500-3000 
m. Suh resistivities may be reahed in
the quasirystal at 1.2 K provided that the level distribution of the 1/1 approx-
imant an be transferred to the smaller energy sale (self-similarity). In fat, due
to Æ" / 1=N
a
, with N
a
the number of atoms in the unit ell, inreasing the order of
the approximant (and hene N
a
),  
r
shifts to smaller values.
Following Fujiwara et al. [Fujiwara 96℄ (see the disussion of hapter 3.2), the  -
dependene of b
 1
max
an be related to the anomalous transport. Then, omparing
the behavior of b
 1
max
for   >  
r
with b
 1
max
/  
1 2
(see equation (3.10)), one ob-
2
The Kubo-Greenwood formula (3.5) an be rewritten as, b / bn
2
(")

M
2
(") where

M
2
(") =
jhi(")jvjj(")ij
2
ij
is an average of the square of the veloity matrix elements hi(")jvjj(")i. ji(")i is
the eletroni wave funtion with energy eigenvalue ".
3
Calulations with Gaussian broadening of the energy delta-funtions provides similar results.
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Figure 6.7: i-Al-Cu-Fe approximant, log-log plot of the inverse of resistivity-peaks, b
 1
max
,
versus  . For high values of   >  
r
, we nd b
 1
max
/  
1=4
. Extrapolations of
the   >  
r
saling down to    0:1 meV provides resistivities in the range of
1500-3100 
m.
tains  = 3=8, whih is less than 1/2 (the diusive ase). That means, the eletron
propagates sub-diusively
4
. Similar results have been found [Fujiwara 96, Rohe 98℄
in sequene of approximants to the d-Al-Cu-Co quasirystal.
Struture and the importane of the hemial order
It was shown above that the spetral ne strutures in the approximant phase are
onneted with anomalous diusion and rapid hanges of the haraters of the states.
In the following we will see that the hemial order of the sub-system of Fe atoms
is responsible for the narrow features of the spetral resistivity and the state den-
sity. It turns out that the quasiperiodi order alone annot provides the anomalous
transport properties expeted in quasirystals/approximants. A right hemial de-
oration is also neessary.
For this purpose, the original Cokayne model, OCM, will be modied only in its
hemial deoration (the atomi positions remain unhanged). From the hemial
deoration of the table (6.1), two alternative deorations are derived: i) the Al(4)
positions are interhanged with the Fe(2) positions (modied Cokayne model 1,
MCM1), and ii) the Fe atoms, Fe(1) and Fe(2), are deorated with Al atoms pro-
viding a two omponent Al-Cu system (modied Cokayne model 2, MCM2).
4
For omparisons, similar saling analysis was arried out in a 100 atom model of liquid alu-
minium at 950 K. In this ase, the obtained   0:725 indiates a super-diusive motion. Remem-
ber that  = 1 orresponds to ballisti transport.
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The narrow peak of the spetral resistivity of OCM, related to a narrow pseudogap
in the state density, is redued on hanging the deoration of the Fe atoms (MCM1),
as shown in gure (6.8). The model MCM2 has low resistivities without ne spetral
features around the Fermi energy. Correspondingly, the state density does not show
pseudogaps. The behavior of the spetral resistivity of the MCM2 model is similar
to the non-approximant rystal studied above, see gure (6.5). This onrms the
importane of the Fe sub-system and it indiates also that quasiperiodiity alone an-
not explain the high resistivities found in the Al-Cu-Fe approximant/quasirystal.
Similar results are also found in low order approximants of the iosahedral Penrose
tiling (see appendix C).
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Figure 6.8: Spetral properties of dierent deorations models of the Al-Cu-Fe approximant.
a) resistivities, and b) densities of states of dierent deorations models (OCM,
MCM1, MCM2) of the 1/1 approximant phase, see text for details. LMTO-ASA
superell alulations: K
(3)
, energy interval of 10 meV, and Lorentzian half-width
of 20 meV.
The results of gure (6.8) show that the spetral features are sensitive to the hemi-
al deoration of the Bergman luster, more preisely, to the struture of the Fe
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sub-system. In fat, surprisingly the Fe atoms form a Fibonai-like (lsl with
l=s = 

= (
p
5 + 1)=2) planar order in three perpendiular diretions (see gures
(6.1) and (6.9)), whih is destroyed on hanging the deoration (models MCM1,
MCM2). Moreover, the distane between two Fe atoms in the inner iosahedron of
the Bergman luster is 4.37

A, whih is redued in MCM1 to 2.76

A. In sum-
mary, ne strutures of the spetral resistivity are due to a Fibonai-like planar
order without diret ontat of Fe atoms. These result are in agreement with the re-
ent work of Solbrig and Landauro [Solbrig 00a℄. They employed a luster reursion
muÆn-tin sattered wave method to show that long-range eletroni interferenes
in the Fe sub-system (ative atoms, strong satterers) gives rise to narrow spe-
tral features around the Fermi energy. The aluminium atoms are not ative (weak
satterers) and only re-dene the vauum level. Conrming these results, luster
reursion tehniques with TB-LMTO Hamiltonians do not show ne struture on
the state density and eletroni diusivity due to the short-range harater of this
basis (.f. gure (10.3)) as disussed in hapter 10.
This all should explain why in Al-TM quasirystals the high resistivity depends
strongly on onentration hanges of transition metals with the d-resonane lose to
the Fermi energy and on the annealing treatments. There is an optimum onen-
tration and/or annealing proess where the Fe atoms are distributed as to hinder
the transport. It is worth noting that the eletroni transport of iosahedral qua-
sirystals without transition metals does not seem anomalously dierent to those of
metalli systems (see [Poon 92℄, for instane). This indiates that anomalies on the
transport of quasirystals are due to transition metals.
Fibonai-like staking of transition metal atoms
In the following, we study the ondutane of i-Al-Cu-Fe approximant bars employ-
ing the Landauer/Buttiker approah, desribed in hapter 5. Related attempts for
two dimensional Penrose tilings deal with large length sales by means of one-orbital
tight-binding approahes [Tsunetsuga 91, Yamamoto 95b℄. As disussed in hapter
5, tight-binding models put emphasis on struture, hemial aspets are disregarded.
The present study is losely related to the work of Solbrig et al. [Solbrig 00b℄ of the
-Al-Mn-(Si) approximant, where both aspets, struture and hemial order, are
onsidered.
Moreover, the results obtained previously by means of the LMTO superell method
and the Kubo-Greenwood formula an be tested. In fat, two points onsidered
in the previous results an be analysed: i) if the approximant ell is large enough
to aount for transport relevant oherene, and ii) the use of the same boundary
onditions to the transport diretion and to the transverse diretions.
For this purpose, we prepare bars of the unit ell of the i-Al-Cu-Fe approximant:
arbitrary length d, and ross-setion A = a
2
(a is the lattie onstant), see gure
(6.9). The self-onsistent eetive atoms of the LMTO-ASA superell approah are
employed (energy-dependent phase shifts for Al, Cu, and Fe). Only the Fe atoms
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are strong satterers lose to the Fermi energy. Hene, the eletroni transport must
ritially depend on the oherene in the Fe sub-system.
l s l l s l
0 10 20 30 40 50 60 70
d / a.u.
Figure 6.9: Bars of the i-Al-Cu-Fe approximant for Landauer/Buttiker alulations. Note the
Fibonai-like planar order of the Fe atoms: lsllsl::: with l=s = 

= (
p
5+1)=2.
This Fibonai-like arrangement of Fe atoms is presented in three perpendiular
diretions. The box and lines are only guides for the eyes. 1 a.u.=0.529177

A.
Figure (6.10) shows resistanes R = G
 1
versus the length d in the valene band for
dierent k
jj
-values whih belong to the transverse two-dimensional Brillouin zone.
Two regions an be found: one unit ell (up to 23 a.u.) and beyond the unit ell.
In the rst region, i.e. 0 < d=a:u: < 23, we nd: i) R rises stepwise one strong
satterers are added to the sample, i.e. Fe atoms in the d-Fe band. ii) The resistane
sales ohmi-like on the average, R = (d=A).
Beyond the unit ell, i.e. 24 < d=a:u: < 55, drasti hanges appear for energies in
the d-Fe band: i) Close to the Fermi energy (at 100 meV above it), non-ohmi
resistane is found, R / d

with  '2.1-3.1 (for one-dimensional Fibonai latties,
this is diretly related to the ritial nature of the wave funtions [Kohmoto 86℄).
In some ases (see gure (6.10)), an exponential behavior is found, whih reminds
loalization in quasi-1D samples. Note that these loalization trends start at re-
markably small d. For other energies the ohmi-like behavior remain unhanged.
This strong dependene of the resistane on the energy is losely related to rapid
spetral hanges of the harater of states due to the utuating partiipation of
d-Fe orbitals (.f. gure (6.5)). ii) The peuliar behavior redues drastially on in-
troduing hemial disorder (hange of the deoration, model MCM1). As disussed
above, after hanging the deoration, the Fibonai-like order of Fe atoms (see gure
(6.9)) is destroyed and the diret Fe-Fe ontat redues the resistane
5
, see gure
5
To test the importane of the deoration, we prepare slabs in a Fibonai arrangement, whih
are deorated with Al or Fe atoms. The deoration with Al atoms (weak satterers) provides
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Figure 6.10: i-Al-Cu-Fe approximant, Landauer/Buttiker resistane for two dierent k
jj
-values
of the two-dimensional Brillouin zone: a) k
jj
= (0:370; 0:740)=a, and b)
k
jj
= (0:875; 0:875)=a (a is the lattie onstant), at a few energies relative
to "
F
(the Fermi energy obtained from the LMTO-ASA superell method). Two
deorations of the i-Al-Cu-Fe approximant are presented: the original Cokayne
model (OCM, red), and the modied Cokayne model 1 (MCM1, blak). Eah
urve has been shifted upwards by 300 (arb. units).
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(6.10). These results are in agreement with the work of Solbrig et al. [Solbrig 00b℄
in the -Al-Mn-(Si) approximant, where Fibonai-like planar order of Mn atoms
are responsibles for non-ohmi resistanes, as desribed here.
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Figure 6.11: i-Al-Cu-Fe approximant, "eetive" resistivities from the resistane saling just
beyond one unit ell for dierent k
jj
-values. Two peaks are found similar to the
LMTO-Kubo results. See text for details.
In the range 25-35 a.u. (just beyond one unit ell), the average slopes of the resis-
tanes are haraterized in gure (6.11) by "eetive" resistivities, b
eff
("; k
jj
), whih
are not material properties in the ommon sense. They depend markedly on k
jj
and
attain magnitudes of the order of 1800 
m. Moreover, in omparison with
LMTO-Kubo results, a two-peak feature is found. The peak positions are nearly
independent of k
jj
.
Correlated anomalies of transport oeÆients
Two points will be disussed. The rst one treats the relation between the spe-
tral ondutivity and the Hall oeÆient. The seond point refers to Fermi energy
shifts aused by deviations in the stoihiometry or by defets in both struture and
deoration. Thus, we will be able to study temperature dependene of eletroni
properties of the approximant/quasirystal onsidering the narrow spetral features
found above.
The narrow peak of the spetral resistivity in the i-Al-Cu-Fe approximant, gure
only ohmi-like resistanes, whereas the deoration with Fe atoms (strong satterers) provides a
behavior similar to that desribed here for the i-Al-Cu-Fe approximant (deorations models OCM,
MCM1). This indiates, one more, that the quasiperiodiity (Fibonai order) alone an not
explain the anomalous transport in quasirystals: the right deoration is also required.
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(6.5), is related to a spei 100 meV ondutivity pseudogap (b(") = b
 1
(")) in
addition to the 1 eV Hume-Rothery type feature. With a higher resolution, the en-
ergy range of the spei narrow pseudogap is reprodued in gure (6.12). Moreover,
the Hall oeÆient,
b
R
H
(") = b
H
(")=b
2
(") [Cusak 87℄, is presented where equation
(A.15) is employed as a spetral formula (T ! 0) with the ansatz (B is a magneti
eld in the z-diretion, orrespondingly, the external and Hall eletri elds are in
the x-diretion and in the negative y-diretion, respetively)
b
H
(") = b
xy
(B; ")=B  Q

 
db(")
d"

: (6.2)
It is worth noting that ab-initio alulations of the transverse eletroni ondutivity
b
xy
(B; ") is not an evident task due to the unomfortable form of the magneti Hamil-
tonian (for instane see [Morgan 85, Cusak 87℄). Moreover, it is not onlusively
lear whether the magneto-transport an be explained as an on-the energy-shell
transport, i.e. it should depend only of the nature of the states at the Fermi energy
[Morgan 85, Itoh 92℄. Note that in equation (6.2) o-shell information is inluded
due to the energy derivatives.
The nal step in equation (6.2) with the positive onstant Q is not rigorous
6
, as
explained above. Originally Bush et al. [Bush 74℄ have suggested to relate R
H
to
the energy derivative of the state density. This has also proved suessful for qua-
sirystals [Piere 93a℄. In an energy range where the spetral diusivity,
b
D("), is
almost onstant (e.g. around the narrow peak of the spetral resistivity, see gure
(6.5)) the Einstein relation (3.8), allows the transition to db(")=d" as proposed in
equation (6.2).
It has been shown that several i-Al-Cu-Fe phases lose to the quasirystalline stoi-
hiometry (12-13 at.% Fe) have almost the same eletroni diusivities [Sahnoune 92℄.
Very reently Houari et al. [Houari 00℄ have re-examined this problem. For substi-
tutional disorder and weak sattering they onrm that the sign of R
H
is related to
-dbn(")=d". With topologial disorder and strong sattering, however, positive R
H
instead ourred in onnetion with more loalized eletron states. The above ansatz
aounts for suh extensions via energy-dependent diusivity. In other words, it is
more realisti to employ the spetral ondutivity in the ansatz (6.2) instead of the
state density, beause, the rst one onsiders not only the amount of the states but
also their harater.
Figure (6.12) shows a ondutivity pseudogap (width 100 meV) that is narrower
than the orresponding DOS pseudogap (width 150 meV), and, in agreement with
equation (6.2),
b
R
H
(") hanges its sign just at the ondutivity minimum. In this en-
ergy region, the harater of the eletroni states varies rapidly from d-Fe dominated
below the Fermi energy to sp dominated above (see the rapid varying partiipation
ratios in gure (6.5)). In agreement with Houari's work [Houari 00℄ we nd that
6
In the framework of the Bloh-Boltzmann theory one an show [Solbrig℄ that Q aounts for
a weak energy dependene of the diusivity after negleting o-diagonal transport quantities.
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positive Hall oeÆients our where the states are more loalized due to the high
d ontent.
The Fermi energy of real approximant rystals may be shifted on the sale 100 meV
with respet to "
s
F
whih is the self-onsistent value of the perfet approximant. Suh
shifts are aused by deviations in the stoihiometry or by defets in both struture
and deoration [Piere 93a℄. Solbrig et al. found [Solbrig 00b℄, for -AlMn(Si) with
defets in the Al glue, shifts of just this order. In the setions to follow we refer to
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Figure 6.12: i-Al-Cu-Fe approximant, the range of the narrow pseudogap: a) total density of
states, b) spetral ondutivity, ) hange of the spetral ondutivity on the
quantum mehanial energy sale, and d) the Hall oeÆient (obtained for a
hosen Q = 6  10
 5
Am
2
). "
s
F
is the self-onsistent Fermi energy (obtained
from LMTO-ASA superell alulations).
the trial positions A and B of the real Fermi energy as indiated in gure (6.12).
Note that there is experimental evidene [Lindqvist 93℄ for the Fermi energy to pass
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a spetral ondutivity minimum along a stoihiometri phase sequene. The Hall
oeÆient behaves just as shown in gure (6.12). Examples for type A and type
B positions of the Fermi energy are Al
62:5
Cu
24:5
Fe
13
respetively Al
63:5
Cu
24:5
Fe
12
[Piere 93a℄.
6.2 Temperature dependent properties of the ap-
proximant phase
Modeling the spetral resistivity
Models of the spetral ondutivity have been employed to explain the temperature
dependene of the transport oeÆients, equations (A.11)-(A.15). The rst one,
is the simple ondutivity minimum, equation (3.11), proposed by Mott [Mott 87℄.
It is employed to explain the thermally ativated temperature dependene of the
ondutivity in systems in the metalli limit, see hapter 3.3.
c c
v c
min
ε ε
εε
σ
F
ε
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c) d)
Figure 6.13: Shemati representation of dierent spetral ondutivity models: a) the mini-
mum metalli ondutivity for thermally ativated systems, b) a model for sys-
tems near the metal-insulator transition, ) a model for quasirystals onsidering
a self-similar spiky struture, and d) a model for liquid semiondutors. See text
for details.
For systems with the Fermi energy around the mobility edge, "

, at whih the metal-
insulator transition ours, one employs b(") = 
0
("   "

)

for "  "

, otherwise
b(") = 0, where 
0
is a onstant, and  is the ondutivity index [Enderby 94,
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Villagonzalo 99℄. Experiments near the metal-insulator transition in amorphous
materials show a similar behavior of the ondutivity with onentration hanges
(for instane see [Lauinger 95℄).
Enderby and Barnes [Enderby 90℄ employed a similar model for the spetral on-
dutivity of liquid semiondutors at very high temperatures: b(") = 
v
("
v
  ")
for " < "
v
, and b(") = 

("   "

) for " > "

, otherwise b(") = 0, where 
v
; 

are
onstants. The energy gap, measured by "
g
= "

  "
v
, takes values from 0 to 500
meV [Enderby 90℄. These dierent models are shematially shown in gure (6.13).
In quasirystals, experiments [Piere 93a, Piere 93b℄ of temperature dependent on-
dutivity and thermopower indiate the presene of a pseudogap (width 0.1-0.2
eV) in the spetral ondutivity. Piere et al. tted the ondutivity employing a
paraboli spetral ondutivity, whih simulates a spetral ondutivity pseudogap
[Piere 93b℄: b(") = A + Bj"   "
F
j
2
. The attempts to t the thermopower give
arbitrary results. However, the thermopower and Hall oeÆient an be explained
qualitatively.
Fujiwara employed a similar paraboli form for the spetral ondutivity with an
additional osillating ne struture (sinusoidal form), whih should simulate the
spiky struture [Fujiwara 93a℄: b(") = 1:5f(" )
2
+1g+sinf1000=j(" )g, where
 is the hemial potential. This model explains qualitatively the experimentally
observed trends of the thermopower.
Reently, Maia introdued a state density omposed of three parts [Maia 00a℄: i)
a free-eletron-like form (due to the high ontent of aluminium) far away from the
Fermi energy, ii) a paraboli form around the Fermi energy (simulates the Hume-
Rothery pseudogap), and iii) a self-similar spiky struture modeled by sums of delta
funtions at ertain energies, see gure (6.13). The spetral ondutivity is ob-
tained onsidering the Einstein relation (3.8) with energy independent diusivity
(
b
D(") = D
0
). This model was employed suessfully to explain the ondutivity of
i-Al-Cu-Ru samples [Maia 00a℄. For this end, however, the spiky struture was ho-
sen far away from the Fermi energy. Moreover, the inverse Matthiessen rule ould
not be found, as pointed out by Maia [Maia 00a℄.
In the following, we propose a model for the spetral resistivity (ondutivity) based
on the ab-initio results disussed in the previous setion. This model explains not
only qualitatively but also quantitatively the ondutivity and thermopower. More-
over, studies of the Hall oeÆient and the eletroni thermal ondutivity are also
realized.
The Lorentzians model
In hapter 3.2, the importane of Kubo-Greenwood formulas has been disussed to
perform ab-initio alulations of spetral properties of realisti quasirystals. How-
ever, omputational limitations do not allow k-spae alulations of approximants
with more than a few 100 atoms per unit ell.
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As disussed in hapter 4.3, we searh in low order approximants for signiant
spetral features whih should be present in the quasirystal, too (similar strutural
and hemial loal order, see hapter 4.3). In this sense, we an set up a model for
the spetral resistivity of the approximant whih reasonably reprodues the ab-initio
results. Then, we hope that this modeled spetral resistivity, suitably saled, an
aount for the quasirystal to ertain extent, provided that the model inludes sig-
niant spetral features. Hene, this model an be applied to explain onsistently
not only the ondutivity but also other eletroni transport properties.
The saling of the approximant based spetral resistivity model will be performed
by means of the experimentally determined thermopower whih is the most sensitive
quantity in view of the spetral ondutivity.
We suggest to model the spetral resistivity of the Al-Cu-Fe phases by means of
Lorentzians. Eah Lorentzian, (=)=[("  ("
s
F
+ Æ))
2
+ 
2
℄, is haraterized by its
height, 1=(), and its position, Æ, with referene to the self-onsistently alulated
Fermi energy, "
s
F
. The model for the i-Al-Cu-Fe approximant (quasirystal) phase
requires two Lorentzians,
b(") = A

1


1
("  ("
s
F
+ Æ
1
))
2
+ 
2
1

+ 

1


2
("  ("
s
F
+ Æ
2
))
2
+ 
2
2

; (6.3)
whereas one Lorentzian is suÆient for the amorphous phase ( = 0 in equation
(6.3)). Note that the spetral resistivity is modeled here instead of the spetral
ondutivity. The reason of this eletion is given in the Lorentzians model. In fat,
the width of the narrow Lorentzian, 2
2
, an be diretly related via 2
2
 ' ~ to a
life time,  , of the eletron propagation.
Table 6.2: Parameters used to model the spetral resistivity of i-Al-Cu-Fe phases. Code: bulk
quasirystal (BQC), 1/1 approximant (APP), amorphous phase (AMP).
A Æ
1

1
 Æ
2

2

m eV eV eV eV eV
BQC 1047.00 -0.2 1.35 1.00 0.23 0.040
APP 650.00 -0.2 0.70 0.08 0.23 0.025
AMP 1138.83 -1.0 1.60 0.00 - -
Table (6.2) presents the tting parameters for both phases. Figure (6.14) shows the
spetral resistivity of the i-Al-Cu-Fe approximant phase obtained from the ab-initio
LMTO-Kubo formula and the model of the equation (6.3). Note that the peak at 0.2
eV below the self-onsistently alulated Fermi energy is not expliitely onsidered,
beause, this peak is unstable and disappears on rising   (see gure (6.6)).
The spetral ondutivity is obtained from b(") = b
 1
("). Thus, the Lorentzians
simulate two pseudogaps in the spetral ondutivity: a wide Hume-Rothery pseu-
dogap and a narrow pseudogap. In the following, we will show that the anomalous
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Figure 6.14: i-Al-Cu-Fe approximant, omparison of the ab-initio LMTO-Kubo (solid) and
the modeled (dashes) spetral resistivity.
transport properties of the approximant (quasirystal) an be explained onsider-
ing this simple model for the spetral resistivity. For this purpose, we employ trial
positions of the Fermi energy (e.g. A, B in gure (6.12)). The bulk i-Al-Cu-Fe qua-
sirystal will be studied in the next setion. Comparisons with experiments prove
the model suessful.
Condutivity and inverse Matthiessen rule
The eletroni transport behavior of quasirystals diers learly from that of met-
als: very low ondutivities, strong omposition and temperature dependene, and
an inverse Matthiessen rule are the most prominent properties, see hapter 3. In
the following, we will demonstrate that these properties an be explained when the
Fermi energy lies around the narrow Lorentzian peak of the spetral resistivity, g-
ure (6.14).
The temperature dependene of the ondutivity is obtained from equation (A.11)
together with (A.8), (A.9), and (A.10), and replaing the orresponding spetral
resistivity (ondutivity).
The temperature dependent ondutivities of three Al-Cu-Fe phases are presented
in gure (6.15). Evidently, the rystalline (non-approximant) and the approximant
phases have opposite ondutivity temperature oeÆients. The amorphous model
resembles rather the approximant phase, however, the s
4:2K
 (4:2K)=(300K)
are learly dierent. For the amorphous phase, we nd s
4:2K
= 0:997. Exper-
imental results are more indiative s
4:2K
= 0:93 [Biggs 91℄. In this respet, the
amorphous model employed here is not realisti enough. For the approximant, we
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obtain s
4:2K
= 0:73 and s
4:2K
= 0:57 for type A, respetively, type B ases.
Moreover, gure (6.15) shows the ondutivity inrease (T ) (300K) versus tem-
perature for ve trial Fermi energies within 10 meV environments of type A, type B,
Fermi energies. A remarkable stability against small shifts of type B Fermi energies
is found. This result is losely related to the inverse Matthiessen rule (3.1). Experi-
mental veriation has been reported for quasirystals and approximants [Mayou 93℄
and even for transient amorphous phases [Madel 00℄.
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Figure 6.15: Left: temperature dependene of the relative ondutivity, s = (T )=(300K),
for a) rystalline non-approximant phase, b) amorphous phase, and ) approxi-
mant phase (Fermi energy type B). Right: i-Al-Cu-Fe approximant, ondutivity
inrease (T ) (300K) versus temperature for ve trial Fermi energies within
10 meV environments of A Æ, B .
Applying the Sommerfeld expansion to equation (A.11), one obtains
(T ) = b("
F
) +

2
6
(k
B
T )bn("
F
)  (k
B
T )

d
d"

bn
 1
db
d"





"="
F
: (6.4)
It is worth noting that this equation is valid in the low temperature regime (e.g.
below 150 K for type B Fermi energies). The urves of gure (6.15) are obtained
from the exat form, equation (A.11).
Equation (6.4) depends on two properties on the thermal energy sale: i) (k
B
T )bn("
F
)
is the number of thermally aessible eletron states lose to the Fermi energy and
ii) (k
B
T )(d
qm
b(")=d")
"
F
is the variation of 
qm
b(")  bn
 1
(")db(")=d" whih de-
sribes the hange of the spetral ondutivity on the quantum mehanial energy
sale (bn
 1
(") level spaing). 
qm
b(") has a zero at the minimum of b("), and a
point of inetion, too. The slopes of 
qm
b(") are positive for A, B type Fermi
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energies, whih gives rise to positive ondutivity temperature oeÆients (gure
(6.15)). The inverse Matthiessen rule, however, requires the slope of 
qm
b(") to
be onstant whih is approximately fullled for B-type and slightly dierent Fermi
energies whih are lose to the inetion point (.f. gures (6.12) and (6.15)).
In other words, the inverse Matthiessen rule (3.1) is fullled when "
F
lies lose to
the spetral ondutivity minimum.
Thermoeletri power and Hall oeÆient
Small shifts of the Fermi energy may ause the thermopower to swith between
large positive and large negative values. This has been proved experimentally for
i-Al-Cu-Fe [Piere 93a, Roth 99℄. In the following, we will show that the spetral
resistivity model behaves just like. Similarly, the orrelations between the signs of
the thermopower and the Hall oeÆient, observed experimentally [Poon 92℄, are
disussed.
The temperature dependene of the thermopower is obtained from equation (A.12),
whereas the Hall oeÆient is obtained from equation (A.15) and the ansatz (6.2).
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Figure 6.16: i-Al-Cu-Fe approximant, a) thermopower, and b) Hall oeÆient, alulated
using Q = 6  10
 5
Am
2
, for two trial values of the Fermi energy (e.g. A, B).
One an also see the orrelation of the signs of both, S(T ) and R
H
(T ), over
the whole temperature range.
Figure (6.16) shows the thermopower and Hall oeÆient for the i-Al-Cu-Fe approx-
imant phase. Drastially dierent thermopower and Hall oeÆient urves belong to
the trial Fermi energies A and B, as expeted experimentally [Piere 93a, Roth 99℄.
Note that the energy dierene of the two trial Fermi energies is about 30 meV,
whih should orrespond to small onentration hanges.
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On the other hand, it has been observed experimentally that the signs of the ther-
mopower and the Hall oeÆient are orrelated up to room temperature [Poon 92℄.
This orrelation is established in the assumption for b
H
(") based on (6.2). To
prove this, suppose that the hemial potential (T ), that appears in the alula-
tion of the transport oeÆients, is onned to the range of the narrow Lorentzian
resistivity peak. Thus, equation (6.3) an be approximated to b(") = b
 1
(") 
f=(A
2
)gf("  ("
s
F
+ Æ
2
))
2
+ 
2
2
g. Hene, the integrals in (T ), equation (A.11),
S(T ), equation (A.12), and R
H
(T ), equation (A.15), an be performed employing
only this paraboli form of the spetral ondutivity (narrow Lorentzian in the spe-
tral resistivity). After some algebra, we obtain
S(T )=T
R
H
(T )(T )
=

2
3
k
2
B
jej
1
Q
: (6.5)
The low-temperature limit of equation (6.5) is just the Mott formula [Mott 36℄,
S
Mott
(T ) =  
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3
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B
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T : (6.6)
Two onlusions an be drawn from equation (6.5): i) the signs of S(T ) and R
H
(T )
are orrelated in a wide temperature range (.f. gure (6.16)), and ii) if suÆiently
reliable data at low temperatures are available the parameter Q, equation (6.2), an
be estimated.
Eletroni thermal ondutivity and Lorenz number
Experiments with quasirystalline samples [Perrot 95℄ indiate that the eletroni
ontribution amounts less than 5% of the total thermal ondutivity, provided that
the Wiedemann-Franz law holds for quasirystals. For the i-Al-Cu-Fe approximant
phase, at 10 K, we obtain the eletroni thermal ondutivity less than 10 % of the
experimental total thermal ondutivity at this temperature. The eletroni ther-
mal ondutivity inreases rapidly with the temperature and is nearly independent
of the hosen Fermi energy (.f. gure (6.17)).
At 300 K, the total thermal ondutivity is dominated by the eletroni ontribu-
tion. The experimental results are 1.3 W/m/K for the i-Al-Cu-Fe quasirystal
[Perrot 95℄ and 4 W/m/K for the Al
13
Fe
4
approximant phase [Perrot 95℄. We
nd 2.5 W/m/K for the eletroni ontribution of the i-Al-Cu-Fe approximant
phase.
On the other hand, one an doubt about temperature-independent Lorenz num-
bers. Figure (6.17) shows L(T )=L
0
, equation (A.14), as obtained with the two-
Lorentzians model of the spetral resistivity for the i-Al-Cu-Fe approximant phase
(L
0
= (
2
=3)(k
2
B
=e
2
) is the Wiedemann-Franz Lorenz number). At low tempera-
tures, the Lorenz number depends strongly on both the temperature and the hosen
Fermi energy. In the limit T ! 0, the Lorenz number goes to the Wiedemann-Franz
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Figure 6.17: i-Al-Cu-Fe approximant, a) eletroni thermal ondutivity, and b) Lorenz num-
ber, for two trial values of the Fermi energy (e.g. A, B). The eletroni thermal
ondutivity is not sensitive to the hosen Fermi energy. The Lorenz number
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) is the Wiedemann-
Franz Lorenz number.
Lorenz number as obtained employing the Sommerfeld expansion of equation (A.14)
for low temperatures,
L(T ) = L
0
"
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; (6.7)
where b
0
F
, and b
00
F
, are the rst and seond energy derivative of the spetral ondu-
tivity evaluated at the Fermi energy.
6.3 The i-Al-Cu-Fe bulk quasirystal
In this setion we will show that the relevant spetral ne struture, for the i-Al-Cu-
Fe phase, is the narrow peak (pseudogap) of the spetral resistivity (ondutivity),
see gure (6.14) and the disussion of hapter 4.3. Thus, in the following, we intend
to obtain the parameters for the Lorentzians spetral resistivity model (6.3) whih
ts the orresponding experimental [Piere 93b℄ ondutivity and thermopower of
the i-Al
62:5
Cu
25
Fe
12:5
bulk quasirystal.
The t proedure
We proeed as follows:
1) The Lorentzians are entered at just the same energies as in the i-Al-Cu-Fe
approximant (table (6.2)). Thus, the parameters Æ
1
, Æ
2
are xed.
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2) In the denition of  (.f. equation (A.10)) one an replae bn(") by b("),
provided that spetral variation of the diusivity is negleted. Then, we an
relate  to the thermopower using the Mott formula (6.6) in the following way
 =  0:5jej(S
Mott
(T )=T ). Using experiments [Piere 93b℄ at low temperatures
one obtains  = 0:12 10
 6
eV=K
2
. This is used as our initial value.
3) A and 
1
belong to the wide Lorentzian and their inuene beome important
at high temperatures. Then, we hose the values of the approximant phase
(table (6.2)) as the initial ones.
4) The parameters  and 
2
are the ritial ones:  and 
2
are hanged in the
range 0.1-10.0, respetively, 10-100 meV, in small steps.
5) Thus, "
F
is xed employing the ondition that the spetral resistivity (6.3)
provides approximately the experimental resistivity at 4 K, b("
F
)  
exp
4K
(the
error onsidered is less than 5%).
6) For a given set of parameters, one an obtain the ondutivity (A.11), and
thermopower (A.12) for eah temperature.
7) Hene, the nal set of parameters are those that provide the minimal 
2
statis-
tis ((ÆS)
2
= 1),

2
=
N
data
X
T
fS
exp
(T )  S
fit
(T ; ; A; 
1
; ; 
2
)g
2
(ÆS)
2
; (6.8)
where S
exp
is the experimental thermopower [Piere 93b℄ and S
fit
is the alu-
lated thermopower, equation (A.12). The temperature range onsidered goes
from 4 K up to 300 K.
Note that for the alulation of 
2
, equation (6.8), we employ the thermopower
instead of the ondutivity beause of the sensitivity on the spetral resistivity of
the rst one. This provides more auray in the results.
We obtain A = 1047
m, 
1
= 1:35 eV,  = 1:0, and 
2
= 40 meV (.f. table
(6.2)). The Fermi energy is found 10 meV above the entre of the narrow Lorentzian,
and  = 0:110
 6
eV=K
2
, whih is lose to the initial value of  = 0:1210
 6
eV=K
2
.
As pointed out in 3), the inuene of the parameters A and 
1
beome important
at high temperatures. The present basis of experimental data (thermopower up
to 300 K [Piere 93b℄) is not yet wide enough to provide preise results for A, 
1
.
Thermopowers beyond 300 K are required.
Figure (6.18) shows the results of our model in omparison with experiments. For the
ondutivity the agreement is good up to 600 K. The inset shows the thermopower up
to 300 K where experimental results are available. Extrapolating this model to high
temperatures we obtain a zero thermopower at 326 K and S(600K)  41:8V=K,
whih depends on the exat values of A and 
1
, as disussed above. Moreover, in
dierene to the ondutivity, the thermopower is strongly sensitive to .
64 The Al-Cu-Fe system
0 100 200 300 400 500 600
T / K
0
400
800
1200
1600
2000
2400
σ
(T
) / 
(Ω
cm
)-1
ξ = 0.00 x 10-6 eV/K2
ξ = 0.05
ξ = 0.10
ξ = 0.15
ξ = 0.20
0 100 200 300 400 500 600
T / K
-40
-30
-20
-10
0
10
20
30
S(
T)
 / (
µV
K
-
1 )
Figure 6.18: i-Al-Cu-Fe bulk quasirystal, temperature dependene of the ondutivity and
thermopower (inset) employing the resistivity Lorentzians model with dierent 
values (lines) and from a few seleted experimental points (Æ) after [Piere 93b℄.
Other results of the employed model are: i) 
0K
 123:8(
m)
 1
and s
0K
= 0:485
(see gure (6.18)), ii) the Hall oeÆient behaves like the thermopower, i.e. we nd
transitions from negative to positive values around 322 K (see gure (6.19)), iii)
with Q = 2 10
 5
Am
2
we obtain the Hall oeÆient omparable with experiments
[Lindqvist 93℄ (R
H
(4:2K)   1:85  10
 8
m
3
=A=s), iv) at 300 K, the eletroni
ontribution to the thermal ondutivity is 0.46 W/m/K, and v) L(300K)=L
0
=
2:42 (see gure (6.19)).
Disussion
The fat that 
2
is larger than the obtained for the approximant beomes lear if
we take into aount the results of the previous setions. Rising temperature must
redue the ne struture (see gure (6.7)). The 40 meV are thus to be interpreted as
the average width up to 300 K. Reently, Madel [Madel 00℄ has applied our model
to experimental results of thin lm quasirystalline and transient amorphous Al-
Cu-Fe phases. As an indiation of minor strutural perfetion, the low-temperature
resistivity, 
4K
, was less than obtained for the bulk quasirystal [Piere 93b℄, .f.
table (6.3). The orresponding Lorentzian resistivity models should reveal that the
spetral features whih are spei for the quasirystal grow up towards the bulk
quasirystal. We take x = 
1
=
2
(the relative height of the narrow Lorentzian) as
a riterion. Table (6.3) shows the expeted behavior: inreasing 
4K
indiates that
the spetral feature of the quasirystalline phase gets more pronouned as x grows.
Fujiwara et al. [Fujiwara 96, Rohe 98℄ deal with the temperature dependene
of the ondutivity employing both the anomalous Drude ondutivity (3.9), and
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Figure 6.19: i-Al-Cu-Fe bulk quasirystal, temperature dependene of a) the Hall oeÆient
with Q = 2  10
 5
Am
2
, b) the eletroni thermal ondutivity, and ) the
Lorenz number.
the Bloh-Gruneisen law (desribes the eletron-phonon oupling), they show that
(T ) / T
1:25
. In fat, a t of the i-Al-Cu-Fe bulk quasirystal provides (T ) =
92:52 + 0:1667T
1:25
, whih is omparable with the ondutivity (experiment and
model) shown in gure (6.18). However, as disussed in hapter 3.2, the validity of
the Bloh-Gruneisen law requires of a more onvining justiation to be applied in
quasirystals.
Table 6.3: Criterion to lassify the dierent Al-Cu-Fe phases. Code: transient amorphous
phase annealed at 600 K (TAM), approximant phase with "
F
type A (APP1),
approximant phase with "
F
type B (APP2), thin lm quasirystal (TFQC), and
bulk quasirystal (BQC). See text for disussions (the parameters of TAM and
TFQC used to alulate x have been taken from Referene [Madel 00℄.
TAM APP1 APP2 TFQC BQC
x 0.945 2.24 2.24 7.76 33.75

4K
455 623 782 2333 8078
(
m)
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Chapter 7
The Al-Pd-Re system
The eletroni properties of the i-Al-Pd-Re quasirystal were disussed in hapter
3.3. As yet, they are the most resistive quasirystals due to strong eletroni sat-
tering and interferene. Moreover, the question about the existene of insulating
samples and the transport mehanism remain open.
In the following, we will study the spetral properties of dierent approximant mod-
els of i-Al-Pd-Re. In the same way as demonstrated for i-Al-Cu-Fe (see hapter
6), the temperature dependene of the ondutivity is modeled. The results are in
agreement with experiments.
7.1 Approximant models and spetral properties
As yet, rystallographi struture data and the proper hemial deoration of the low
order approximants are not ompletely determined. Thus, i-Al-Pd-Mn approximant
models have been employed for i-Al-Pd-Re, both with similar diration patterns.
In fat, Kraj and Hafner alulated the spetral ondutivity of hypothetial ap-
proximant models of i-Al-Pd-Re (from i-Al-Pd-Mn) employing the Bloh-Boltzmann
and Kubo-Greenwood formula [Kraj 99, Kraj 01℄. They found, in the 1/1 ap-
proximant model, a semionduting gap (width 150 meV) that is very sensitive
on the details of the atomi struture and hemial order. However, this real gap
disappears for high order approximants. Moreover, partiipation ratios indiate the
presene of ritial eletroni states around the Fermi energy.
As disussed in hapter 3.2, the employment of Kubo-Greenwood formulas is im-
portant to desribe the eletroni properties of high resistive systems, suh as the
i-Al-Pd-Re quasirystal. Moreover, the importane of realisti models together with
the right hemial deoration was also disussed in hapter 6. In the following we
will alulate spetral and temperature dependent properties of test struture mod-
els of i-Al-Pd-Re 1/1 approximants.
For this purpose, we employ the struture model of the 1/1 approximant of i-Al-
Pd-Mn [Sugiyama 98a℄ and i-Al-Cu-Fe [Cokayne 93℄ (.f. table (6.1)). Two models
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will be treated in the following. The rst one is obtained from the i-Al-Pd-Mn 1/1
approximant replaing Mn atoms by Re atoms. This provides the model for the
i-Al
73:2
Pd
12:2
Re
14:6
approximant. Note that this hypothetial 1/1 approximant is
not the same as used by Kraj and Hafner [Kraj 99, Kraj 01℄. The seond one
is obtained from the i-Al-Cu-Fe approximant replaing Fe(1), Fe(2), and Cu(1) by
Re atoms, and Cu(2), Al(6), and Cu(4) by Pd atoms (see table (6.1)). Additionally,
the lattie onstant was hanged from 12:3

A to 12:45

A. This provides our model
for the i-Al
68:8
Pd
15:6
Re
15:6
approximant.
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Figure 7.1: Spetral properties of two test strutures of the hypothetial 1/1 approximant of
the i-Al-Pd-Re: after the i-Al-Pd-Mn (blak) and after the i-Al-Cu-Fe (red), see
text for details. From top to bottom: spetral resistivity, inverse of the eletroni
diusivity, state density, and partiipation ratios (eah urve has been shifted
upwards by 1). LMTO-ASA superell alulations with K
(3)
, and Lorentzian
half-width of   = 20 meV.
Figure (7.1) shows the spetral properties of these two hypothetial 1/1 approxi-
mants. In onordane with the analysis of hapter 6 and the results of Kraj and
Hafner [Kraj 99℄, the spetral ne struture depends strongly on both, struture
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and hemial deoration
1
. Partiipation ratios depend strongly on the energy, es-
peially lose to the Fermi energy. In many ases the spetral resistivity peaks are
related with rapidly varying haraters of the eletroni states.
It seems that this strong sensitivity to the hemial environment is a property of
approximants/quasirystals (speially for i-Al-Pd-Re). For omparison, deoration
hanges in the rystalline Hume-Rothery Al
12
Re phase (rystallographi data has
been taken from [Villars 91℄) show nearly the same spetral properties. Indeed, g-
ure (7.2) shows similar state densities for the Al
12
X phase, with X = Re;Cr;Mn;Fe:
the Fermi energy moves in a (nearly) rigid state density pseudogap on hanging the
transition metal. Moreover, Re atoms behave isoeletroni with Mn atoms. This is
not the ase of the approximant models presented here (.f. gure (7.1)).
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Figure 7.2: Density of states of the a) Al
12
Re Hume-Rothery rystalline system. Re atoms
are hanged by b) Cr, ) Mn, and d) Fe atoms in Al
12
Re. LMTO-ASA superell
alulations with K
(5)
, and Gaussian half-width of   = 15 meV.
In summary, in view of the strong strutural and hemial dependenes of the spe-
tral properties, additional studies of i-Al-Pd-Re approximants are feasible only when
suÆient rystallographi data exist. At the lose of the present work, Tamura and
Takeuhi showed [Tamura 01℄ that the ubi Al
43
Re
10
Si
4
phase, with lattie onstant
a = 12:85

A, is the 1/1 approximant of the i-Al-Pd-Re quasirystal. This approxi-
mant is struturally similar to the 1/1 approximant of the i-Al-Mn-Si quasirystal,
the -Al-Mn-Si phase.
1
Spetral properties of other three deoration models with the same strutures, i-Al-Pd-Mn or
i-Al-Cu-Fe, onrm this result. Moreover, hanges of the lattie onstant drives the Fermi energy.
Figure (7.1) shows only the most relevant results.
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7.2 Modeling the ondutivity
Some prominent peaks in the spetral resistivity of i-Al-Pd-Re approximants indi-
ate that the Lorentzians resistivity model, equation (6.3), ould be applied (.f.
gure (7.1)). On the other hand, experiments [Haberkern 00a℄ show a ondutivity
pseudogap after hanging the Al ontent of i-Al-Pd-Re samples. The Hall oeÆ-
ient hanges its sign just around of this ondutivity minimum. Comparisons of
these results with those found for i-Al-Cu-Fe (.f. gure (6.12)) indiate that the
Lorentzians resistivity model an be applied in the same way as in the i-Al-Cu-Fe
phase (see hapter 6).
For i-Al-Pd-Re we model diretly the transport properties of the quasirystal be-
ause, as yet, there is not feasible models for low order approximants (see the dis-
ussion of the previous setion). In this sense, we proeed as follow: i) we take
the Lorentzians resistivity model of the i-Al-Cu-Fe phase, equation (6.3), ii) the
parameters A; Æ
1
; Æ
2
, and 
1
are not ritial, hene, they are xed at the same val-
ues employed for the i-Al-Cu-Fe bulk quasirystal (.f. table (6.2)), iii) the other
parameters, 
2
; "
F
, and  are hosen as to reprodue reasonably the experimental
ondutivity [Haberkern 00a, Haberkern 00b℄ up to 900 K. In dierene to the t
proedure used for i-Al-Cu-Fe bulk quasirystal, in this ase the 
2
test, equation
(6.8), is realized employing the ondutivity instead of the thermopower (insuÆient
experimental data). The parameters are listed in table (7.1).
Table 7.1: Parameters used to model the spetral resistivities. The values A = 1047
meV,
Æ
1
=  0:2eV , Æ
2
= 0:23eV , and 
1
= 1:35eV are xed from the i-Al-Cu-Fe bulk
quasirystal (.f. table (6.2)). x = 
1
=
2
. For the sample with 7.5 at. % Re,

4K
was obtained after extrapolating the model from T > 100K up to zero Kelvin
(see text for details).
omposition  
2
("
F
  Æ
2
)  x 
4K
meV meV 10
 6
eV/K
2

m
Al
74:6
Pd
19:3
Re
6:1
0.4043 95.0 5.6 0.10 5.75 1635
Al
74:2
Pd
19:6
Re
6:2
0.4795 75.0 34.4 0.05 8.63 1977
Al
73:8
Pd
19:9
Re
6:3
0.5484 70.0 -20.0 0.00 10.58 2742
Al
72:2
Pd
21:1
Re
6:7
1.9628 25.0 -20.0 0.00 105.99 24286
Al
72:3
Pd
20:2
Re
7:5
3.8642 42.1 -22.0 0.10 123.91 25500
Figure (7.3) shows the results of the modeled ondutivity in omparison with exper-
iments. The modeled temperature and omposition dependene of the experimental
ondutivity is in good agreement with experiments. As disussed in hapter 6.3,
suÆiently reliable experimental data of the thermopower an provide more rened
results. That means, the parameters presented in table (7.1) an hange to obtain
onsistent results for both transport oeÆients (ondutivity and thermopower):
for example, the dierene ("
F
  "
s
F
)  (Æ
2
  "
s
F
) in table (7.1) an hange its sign
depending on the thermopower sign.
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Figure 7.3: Temperature dependene of the ondutivity employing the resistivity Lorentzians
model (lines) and from a few seleted experimental points (after [Haberkern 00a℄)
of i-Al-Pd-Re thin-lm quasirystals with dierent at. % Re ontent.
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1
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2
(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terize the resistivity Lorentzians
model) with the 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alulated values (irles) an be tted
with x = C
x
=
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(solid line), where C
x
= 5000 (
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 1
.
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Below 100 K, the ondutivity of the more resistive sample (7.5 at. % Re) an not be
reprodued with the model. In fat, assuring a good agreement for T > 100 K, the
Lorentzians model of the spetral resistivity provides always a nite ondutivity at
zero Kelvin. From experiments [Haberkern 00a℄, there are strong indiations that
this sample beomes insulator towards zero Kelvin.
Hene, if this sample is an insulator, then the spetral ondutivity must have a
real gap around the Fermi energy. To test this ansatz, we t the experiments
below 100 K, to the Mott spetral ondutivity, equation (3.11), whih provides
(T ) = 
min
expf ("

  )=k
B
Tg. In fat, for temperatures below 100 K, this gap-
model for the spetral ondutivity ts the experiments with 
min
= 50(
m)
 1
,
and "

   = 1:723 meV.
Really, this agreement an not be taken for proof of thermally ativated transport.
There are also indiations for variable-range hopping transport (3.13) in i-Al-Pd-Re
[Delahaye 98℄. However, our results support the idea of a temperature dependent
ation of ertain spetral ondutivity features.
In this sense, it is expeted that the Lorentzians spetral resistivity model alone an
not be applied (at low temperatures) to insulating samples. Quasirystals with suh
very low (or zero) ondutivities require a modied spetral resistivity (ondutiv-
ity) model, as diussed above. This is shown in gure (7.4), where the parameter
x = 
1
=
2
(see hapter 6.3) is plotted versus the ondutivity at 4 K, 
4K
. The
values of x are taken from all tted materials shown in the present work (see tables
(6.3), (7.1), and (9.1)). One an see that x grows rapidly when 
4K
dereases: at
zero ondutivity (insulating samples), x diverges.
Chapter 8
Optial ondutivity
This hapter deals with the inuene of spetral ne strutures on the optial prop-
erties of approximants/quasirystals. For this purpose, we study the optial ondu-
tivity, ~(!), whih is a omplex quantity. Its real part, 
1
(!), is due to eletrons in
the valene band, whereas the imaginary part is provided by ore polarization
1
. In
the following, we will study only the real part of the omplex optial ondutivity.
It is known that two main proesses ontribute to the optial ondutivity. Namely,
intraband and interband transitions. Depending on the system, one of these pro-
esses may dominate. For instane, in metals the optial ondutivity an be de-
sribed as given by intraband proesses only. It is determined by the frequeny-
dependent (or AC) Drude ondutivity (see for example [Ashroft 76℄),
~(!) =

0
1  i!
; (8.1)
where 
0
is the DC Drude ondutivity given at zero frequeny, and  is a relaxation
time. Thus, at very low frequenies, the optial ondutivity (real part) shows the
so-alled Drude-peak (half-width 1=).
However, the optial ondutivity of quasirystals/approximants is far from the
metalli behavior. The more relevant results found experimentally are [Homes 91,
Bianhi 97, Basov 94a, Basov 94b℄: i) At very low frequenies, both the absene of
a Drude peak and a linear inrease with frequeny are observed. This should be
due to the small number of arriers (low density of states at the Fermi energy). ii)
For i-Al-Cu-Fe, a well dened peak at very low frequenies, ~! '32 meV, may be
explained by interation with phonons, or by interband transitions in a spiky state
density. iii) At high frequenies, ~! '1-3 eV, the optial ondutivity reahes its
maximum. Beyond this maximum its behavior is typial of most metals.
Dierent models were proposed to explain the anomalous behavior of the optial on-
dutivity of quasirystals/approximants. There is no aordane about the meha-
nism that dominates in the optial ondutivity. Burkov et al. [Burkov 92℄ presented
1
The imaginary part of the optial ondutivity is related with the real part of the dieletri
onstant.
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a model for the optial ondutivity where interband transitions should dominate.
In fat, within the nearly free-eletron model, and in terms of the large number of
reiproal lattie vetors K (multipliity 42 for iosahedral quasirystals) that take
part in the Hume-Rothery mehanism of stability, K  2k
F
, they show that

1
(!) = 
G
!
2

2
(1 + !
2

2
)
2
; (8.2)
where 
G
is a onstant whih depends on the state density in pseudogaps, and 
is a phenomenologial relaxation time. Equation (8.2) explains the experiments
[Homes 91℄ after employing pseudogap widths of the order of 0.5 eV and  '
0:5  10
 15
s. Numerial alulations for the -Al-Mn-Si approximant also indi-
ate the interband transitions as the dominant mehanism [Fujiwara 93b℄.
Explanations of the experimentally observed optial ondutivity due only to in-
traband transitions was given by Smith [Smith 01℄. For this purpose, the author
generalizes the Drude formula (8.1) based on Poisson statistis for the probability
of ollisions. Thus, the absene of the Drude-peak is explained due to predominant
baksattering.
On the other hand, if the eletron propagates subdiusively the absene of the
Drude-peak and the inrease of the optial ondutivity with frequeny (at low val-
ues) an be explained, as shown by Mayou [Mayou 00℄. In fat, if the eletroni wave
pakets spread with an anomalous diusion law L(t) / t

where 0 <  < 1 ( = 0:5
means normal diusivity), then the optial ondutivity is given by [Mayou 00℄,
~(!) = 



1  i!

2 1
; (8.3)
where 

is a oeÆient involving the saling parameter , and  is a time beyond
whih the propagation beomes diusive. Equation (8.3) is in lose relation with the
anomalous Drude ondutivity (3.9), disussed in hapter 3.2. Thus, for  = 1 the
simple Drude optial ondutivity (8.1) is reovered, whereas for   0:5 a plateau
or a dip is obtained, whih explains qualitatively the experiments for low frequenies.
As seen, there is not a onlusive explanation of the anomalous behavior of the opti-
al ondutivity. In the following, we alulate the optial ondutivity of low order
approximants, and (for omparison) amorphous phases. A model whih explains the
optial ondutivity of quasirystals is also presented.
Basi onepts
The real part of the optial ondutivity an be obtained from the Kubo-Greenwood
formula (see a brief dedution in appendix A.1),

1
(!) =
Z
d"

 
f("+ ~!; ; T )  f("; ; T )
~!

b("; "+ ~!) ; (8.4)
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where f("; ; T ) is the Fermi-Dira distribution funtion (A.9) and
b("; "+ ~!) = 2
~e
2


X
i;j
jhjjvjiij
2
Æ("+ ~!   "
j
)Æ("  "
i
) : (8.5)
When ! ! 0 the optial ondutivity (8.4) goes to the DC ondutivity (A.11) at
temperature T , as shown in appendix A.1.
However, many authors [Zhao 90, Hobbs 95, Arnold 97℄ used an expliite form of
equation (8.4), where the integration is realized. Hene, the optial ondutivity
(real part) an be written as

1
(!) = 2
~e
2


X
i;j
jhijvjjij
2
f("
i
; ; T )  f("
i
+ ~!; ; T )
~!
Æ("
i
  "
j
+ ~!) :
(8.6)
We will use this equation in the ab-initio alulations presented in the next setion.
The wave funtion jii, and eigenvalue "
i
are alulated employing the LMTO-ASA
superell method (desribed in hapter 5), in similar form as realized in [Hobbs 95,
Arnold 97℄. In pratie, the delta funtion is broadened by Lorentzians (3.7) with
half-width  , see the disussion of hapter 3.2 for the Kubo-Greenwood ondutivity,
equation (3.5).
8.1 Ab-initio optial ondutivity of low order ap-
proximants
The struture models of the low order approximants studied here (Al-Cu-Fe, Al-Cu-
Ru, Al-Pd-Mn, and Al-Mn-Si) are desribed in appendix D.
The optial ondutivity of the i-Al-Cu-Fe approximant is presented in gure (8.1).
Two Fermi energies are employed: the self-onsistently alulated, "
s
F
, and the type
B whih lies around the narrow ondutivity pseudogap, see gure (6.12). As ex-
peted, when the frequeny goes to zero, the optial ondutivity goes to the DC
ondutivity. At low frequenies, the optial ondutivity dereases when the state
density derease: bn("
s
F
) = 0:47 (eV )
 1
, and bn(B) = 0:12 (eV )
 1
. This is more in-
diative after omparing it with the amorphous phase: bn("
s
F
) = 0:55 (eV )
 1
, whih
is 4.6 times higher than the state density of the approximant phase (Fermi en-
ergy type B). Fermi energy shifts auses no onsiderable dierenes for frequenies
~! > 500 meV.
An inrease of the optial ondutivity with the frequeny is also observed. Ex-
perimentally [Homes 91℄, a maximum is found at ~!  1:3 eV in the i-Al-Cu-Fe
quasirystal. For the approximant, we found the maximum at ~!  2:3 eV. Above
the optial ondutivity maximum, there are not dierenes between the approxi-
mant and amorphous phases: the behavior is similar to most metals. This is ex-
peted beause spetral ne struture on the state density (respetively, spetral
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Figure 8.1: Optial ondutivity of iosahedral approximants alulated at T = 0 K. a) Al-
Cu-Fe phases, approximant (APP) and amorphous model, b) Al-Cu-Ru, ) Al-Pd-
Mn, and d) -Al-Mn-(Si). The arrows indiate the frequeny at whih the optial
ondutivity beomes maximal. See text for details.
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ondutivity), present only in approximants/quasirystals, is important only for low
frequenies.
In hapter 6, we have found that the eletron propagates sub-diusively with saling
parameter  = 3=8 for the i-Al-Cu-Fe approximant (see gure (6.7)). This explains
also the inrease of the optial ondutivity at low frequenies, as shown by Mayou
[Mayou 00℄. In fat, he shows that for small disorder (!  1), equation (8.3)
redues to 
1
(!) / !
1 2
. In the ase of the i-Al-Cu-Fe approximant, that means

1
(!) / !
1=4
whih explains qualitatively the inrease of the optial ondutivity
with the frequeny.
The optial ondutivity of the -Al-Cu-Ru, -Al-Pd-Mn, and -Al-Mn approxi-
mants are also presented in gure (8.1). For very low frequenies, up to 250 meV,
the dierent optial ondutivity behaviors indiate dierent spetral ne strutures
on the state density (respetively, spetral ondutivity). At low frequenies, the
optial ondutivity inreases (nearly) linearly with the frequeny. The optial on-
dutivity maximum lie between 2-4 eV, depending of the approximant. Beyond
these maximums, the behavior is typial of most metals. These results are qualita-
tively in good agreement with experiments in quasirystals (.f. gure (8.2), see also
[Homes 91, Bianhi 97, Basov 94a, Basov 94b℄). The quantitative dierenes may be
attributed to the strutural and/or hemial dierenes between the approximant
and the real quasirystal. In the next setion, we will propose a model for the optial
ondutivity of quasirystals whih an explain quantitatively the experiments.
Based on equation (8.6), a possible explanation of the optial ondutivity of qua-
sirystals/approximants is as follows. At low frequenies, the eletron must jump
from states of similar energies, that means, the eletron travels over large distanes.
Therefore, spetral ne strutures imply that the veloity matrix elements are large
and hene the optial ondutivity inreases (this is the ase of quasirystals). When
spetral ne strutures are not present or their inuene is not remarkable (high fre-
quenies), then the optial ondutivity redues.
8.2 Modeling the optial ondutivity of quasirys-
tals
Two remarkable aspets of the optial ondutivity of quasirystals have been dis-
ussed in the previous setion: at low frequenies a linear inrease, and at high fre-
quenies a typial metalli behavior. This gives rise to relate it to the Lorentzians
resistivity model (6.3). In fat, this model has a narrow and a wide Lorentzian. The
rst one is onsidered typial of approximants/quasirystals. The seond one is on-
sidered of Hume-Rothery origin (phase stability) and thus ommon with amorphous
phases. Hene, the low (high) frequeny dependent optial ondutivity should be
explained by the narrow (wide) Lorentzian. In the following, we will hek this idea.
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For this purpose, we employ the ansatz
b("; "+ ~!)  A

1
p
b(") b("+ ~!) (8.7)
to model the optial ondutivity, equation (8.4). The ansatz (8.7) is not more
than a geometrial average of spetral ondutivities at two dierent energies, "
and " + ~!. We believe that this is the most simple approah to b("; " + ~!). In
fat, equation (8.7) onsiders, at least, spetral information at two dierent energies.
Furthermore, the limit ~! ! 0 provides the DC ondutivity (apart from a fator
A

1
of order unity). The meaning of A

1
will be disussed below.
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Figure 8.2: i-Al-Cu-Fe bulk quasirystal, optial ondutivity employing the resistivity
Lorentzian model (lines) with dierent parameter sets (see text for details) and
from a few seleted experimental points () after [Homes 91℄ (the temperature
is 295 K).
To ompare this model with experiments we proeed as follows: i) the experimental
optial ondutivity [Homes 91℄, at 295 K, of the i-Al
63:5
Cu
24:5
Fe
12
quasirystal is
used for omparisons (irles in gure (8.2)), ii) the parameters used to model the
spetral resistivity (ondutivity) are those given in table (6.2) for i-Al
62:5
Cu
25
Fe
12:5
bulk quasirystal (no additional t is employed), and iii) two dierent values of A

1
are used in equation (8.7): 1 (gure (8.2), dashed lines) and 1.8 (gure (8.2), solid
lines).
For low frequenies (below ~!  1:3 eV), the modeled optial ondutivity with
A

1
= 1:8 is in good agreement with experiments. The results employing A

1
= 1
are lower. These dierenes may be attributed to the dierent hemial ompositions
between our modeled (12.5 at. % Fe) and the measured (12 at. % Fe) quasirys-
tal. Moreover, the optial ondutivity is not sensitive to temperature hanges (up
to 300 K) or slight Fermi energy hanges. Numerial alulations show that these
8.2 Modeling the optial ondutivity of quasirystals 79
dierenes are remarkable only for frequenies below 250 meV.
For frequenies above ~!  1:3 eV the model is not more appliable. For suh fre-
quenies, it is expeted that the harater of the states with energies " and ("+~!)
hanges strongly, whih is not onsidered in the ansatz (8.7). To inlude this in our
model we ould introdue the information provided by the partiipation ratios, equa-
tion (6.1), dening
2
, for example, A

1
("
F
; "
F
+~!)  A

1
(~!)  P ("
F
)=P ("
F
+~!).
In fat, for the i-Al-Cu-Fe approximant, this funtion dereases strongly after in-
reasing ~! (.f. gure (6.5)). Thus, the experimentally observed optial ondu-
tivities an be qualitatively reprodued. The way to resale this funtion to the
quasirystal is not obvious. This requires a more detailed study.
Finally, we want to analyse the inuene of the narrow Lorentzian (modeled spetral
ne struture) on hanging only the parameter  (see equation (6.3)). Thus, after
inreasing , x = (
1
=
2
) inreases (remember that x haraterizes the quality
of the quasirystal, see gure (7.4)). At low frequenies, gure (8.3) shows that
after inreasing  (spetral ne struture) the observed optial ondutivity an
be reprodued. Note that for  = 0 the optial ondutivity behaves similar to the
amorphous model (.f. gure (8.1)). The reasons for the disagreement at frequenies
higher than ~!  1:3 eV were disussed above.
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Figure 8.3: i-Al-Cu-Fe bulk quasirystal, optial ondutivity employing the resistivity
Lorentzian model (lines) for dierent  values ( = 0 means absene of the
narrow Lorentzian) and xed A

1
= 1:8. For omparisons, a few seleted experi-
mental points (, [Homes 91℄) are also drawn.
2
This denition assures that one obtains the DC ondutivity for ~! ! 0 (A

1
(0) = 1).
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Chapter 9
A numerial study of iosahedral
quasirystals as thermoeletri
materials
A good thermoeletri material should ondut eletriity well and heat poorly.
Thus, a thermoeletri devie is eÆient the more the larger is its gure of merit,
Z. The gure of merit is given by the dimensionless expression,
  Z  T =
S
2
K
t
T ; (9.1)
where T is the temperature, S is the thermopower,  is the eletrial ondutivity,
and the total thermal ondutivity, K
t
, is given by the sum of the eletroni, K,
and lattie, K
L
, parts.
For instane, Lenoir et al. [Lenoir 98℄ found in Bi
1 x
Sb
x
alloys   0:42, around 60
K, and   0:3, around 300 K, for dierent x values. Similarly, half-Heusler LnPdSb
strutures have values of   0:06 at room temperature [Mastronardi 99℄. Moreover,
skutterudites (  1:4 at 600 K, [Sales 96℄), Y
2
O
3
porous eramis (  1 at 950 K,
[Koumoto 97℄), or Tl
2
SnTe
5
semiondutors (  0:85 at 400 K, [Sharp 99℄) present
 values very lose to the pratial upper limit  = 1.
Quasirystals are possibly qualied to provide good thermoeletri materials due
to the inherently low thermal ondutivity, 1-3 W/mK, whih is less sensitive to
small omposition hanges and the high thermopowers ( 80V=K in some ases
[Pope 99℄) as well as the broad ondutivity range, 0.01-5000 (
m)
 1
. Experimen-
tal studies show low values ompared with the best-known thermoeletri materials
(see above). For i-Al-Pd-Mn, Pope et al. found   0:08 at room temperatures
[Pope 99℄. In the ase of i-Al-Cu-Fe, the absolute values of  are less than 0.003
[Bilusi 01℄. However, it is reasonable to expet that manipulating the omposition,
synthesis, or annealing onditions, higher  values may be obtained, as pointed out
in [Pope 99, Maia 00b℄.
Reently Maia studied theoretially the prospetives of quasirystals as thermo-
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eletri materials [Maia 00b, Maia 01℄. Employing a two-dip spetral ondutiv-
ity model, (")  
1
Æ("   "
1
) + 
2
Æ("   "
2
), he obtains optimal  values whih
are remarkably high ompared with the usual non-metalli thermoeletri materi-
als. Moreover, Maia proposed the binary Cd-Yb quasirystal, and the dodeagonal
quasirystalline halogenide TaTe phase as two promising andidates to be applied
as thermoeletri devies [Maia 01℄.
In the following, we study the spetral and temperature dependent properties of the
i-Al-Cu-Ru quasirystal. After omparing these results with those for i-Al-Cu-Fe
(hapter 6), some onlusions about the gure of merit of aluminium based iosa-
hedral quasirystals/approximants an be drawn.
9.1 Modeling the transport oeÆients of the i-
Al-Cu-Ru quasirystal
Ab-initio spetral properties of the approximant phase
The -Al-Cu-Ru approximant [Sugiyama 98b℄ with lattie onstant a = 15:38

A and
248 atoms per unit ell has been onstruted employing the rystallographi data
of table (D.1). Then, by means of the LMTO-ASA superell method (see hapter
5), we alulate the eletroni state density, diusivity, resistivity, and partiipation
ratios. The results are drawn in gure (9.1).
The state density has the following properties: i) a wide pseudogap around the
Fermi energy (width 1.5 eV), ii) two peaks around 4 eV and 1.5 eV below the
Fermi energy due to Cu and Ru atoms, respetively (similar to i-Al-Cu-Fe, .f. g-
ures (6.4) and (6.5)), and iii) narrow pseudogaps of the order of 100 meV. In the
spetral resistivity, a narrow peak around 0.275 eV is found. This narrow peak is
related with a state density (and diusivity) minimum. At -4 eV, the diusivity is
very low, 0.25 m
2
=s, whih is related with low partiipation ratios. Around the
Fermi energy, the partiipation ratio hanges strongly.
These results show that the amount of the states alone an not explain high resistiv-
ities. The harater of the states, expressed in the diusivity, is also important. The
rapid hange of this harater, also expressed in the partiipation ratios, provides
ne struture of the spetral resistivity.
Transport oeÆients of the i-Al-Cu-Ru quasirystal
The spetral resistivity of the -Al-Cu-Ru approximant an be modeled by a wide
and a narrow Lorentzian, in similar form as for i-Al-Cu-Fe (see hapter 6.3). In the
temperature range to be onsidered here (up to 300 K), only the spetral features
of the spetral resistivity (ondutivity) around the Fermi energy (1 eV) are im-
portant (.f. gure (6.14)). Really, there are other narrow peaks between 0.5 and
1 eV above of the Fermi energy. They ould be inluded into the modeling by ad-
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Figure 9.1: Spetral properties of the -Al-Cu-Ru approximant. From top to bottom: spe-
tral resistivity, inverse of the eletroni diusivity, state density, and partiipation
ratios. LMTO-ASA superell alulations with K
(3)
, and Lorentzian half-width
of   = 20 meV.
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ditional Lorentzians. However, numerial omparisons show that the ontributions
are small. Thus, for simpliity, in the present study we onsider again only a wide
and one narrow Lorentzian.
Hene, this spetral resistivity an be employed to model the ondutivity and ther-
mopower obtained experimentally [Piere 93a℄. The tting proedure is similar to
that employed for i-Al-Cu-Fe (see hapter 6.3). The parameters are listed in table
Table 9.1: Parameters used to model the spetral resistivities. A = 471:25
meV, Æ
1
=
 1:1eV , Æ
2
= 0:275eV , and 
1
= 1eV . x = 
1
=
2
.
omposition  
2
("
F
  Æ
2
)  x 
4K
meV meV 10
 6
eV/K
2

m
Al
64
Cu
20
Ru
15
Si
1
1.9 70 -35 -0.140 27.140 3310
Al
68
Cu
17
Ru
15
1.7 45 11 0.120 37.780 5397
Al
65
Cu
20
Ru
15
2.5 32 4 0.127 78.125 11585
(9.1). As explained in hapter 6, the Fermi energy of the real quasirystal may be
shifted on the sale 100 meV with respet to the self-onsistently alulated Fermi
energy of the approximant. Here, as expeted, the real Fermi energies lie in the
narrow Lorentzian.
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Figure 9.2: i-Al-Cu-Ru bulk quasirystal, temperature dependene of the ondutivity, and
thermopower (inset), employing the resistivity Lorentzians model (lines) and from
a few seleted experimental points after [Piere 93a℄. Code: Al
64
Cu
20
Ru
15
Si
1
(, dots), Al
68
Cu
17
Ru
15
(, dashed), and Al
65
Cu
20
Ru
15
(Æ, solid).
A good agreement between the experimental [Piere 93a℄ and modeled temperature
dependent ondutivities and thermopowers is found, see gure (9.2). Moreover,
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one an employ the modeled spetral resistivities to alulate other transport oef-
ients. Figure (9.3) shows the temperature dependent Hall oeÆient, eletroni
thermal ondutivity, and Lorenz number.
The temperature dependent trends of the Hall oeÆient orrespond to those found
experimentally [Piere 93a℄. Note the sign orrelation of the Hall oeÆient with
the thermopower (.f. gures (9.2) and (9.3)). This is expeted from the ansatz
(6.2) and equation (6.5). However, for the Al
64
Cu
20
Ru
15
Si
1
sample, a negative Hall
oeÆient with a positive thermopower is experimentally found [Piere 93a℄.
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Figure 9.3: i-Al-Cu-Ru bulk quasirystal, temperature dependene of a) the Hall oeÆient
with Q = 2  10
5
Am
2
, b) the eletroni thermal ondutivity, and ) the
Lorenz number. Code: Al
64
Cu
20
Ru
15
Si
1
(dots), Al
68
Cu
17
Ru
15
(dashed), and
Al
65
Cu
20
Ru
15
(solid).
The eletroni part of the thermal ondutivity for the i-Al-Cu-Ru samples is very
low (0.6 W=mK at 300 K) and (nearly) omposition independent. On the other
hand, the Lorenz number depends strongly on both, the temperature and the om-
position (for the most resistive sample L(300K)  3L
0
, where L
0
is the Wiedemann-
Franz Lorenz number). These results are very similar to those found for i-Al-Cu-Fe
(.f. gure (6.19)).
9.2 Modeling the gure of merit of iosahedral
quasirystals
As explained at the beginning of this hapter, the gure of merit of a devie should
be as large as possible for eetive thermoeletri generation. Correspondingly ,
equation (9.1), should be of the order unity. In the following, we evaluate the
eletroni ontribution to  (denoted by 
e
), whih is obtained replaing the total
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thermal ondutivity by its eletroni part in equation (9.1).
The eletroni ontribution to  for i-Al-Cu-X (X = Fe;Ru) quasirystals and ap-
proximants is shown in gure (9.4). Note that 
e
is alulated employing the trans-
port oeÆients previously modeled without additional inputs (see gures (6.15),
(6.16), (6.17), (6.19), (9.2) and (9.3)).
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Figure 9.4: The gure of merit of iosahedral quasirystals/approximants. a) i-Al-Cu-Fe
phase: the approximant phase (Æ) with two trial Fermi energies (e.g. A,B) and the
bulk quasirystal (). b) i-Al-Cu-Ru bulk quasirystals. Code: Al
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(dots), Al
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Cu
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(dashed), and Al
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Cu
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(solid). See text for details.
As expeted, 
e
depends strongly on the hemial omposition through the ondu-
tivity, and speially the thermopower. The eletroni thermal ondutivity is nearly
omposition independent, .f. gure (9.3). Moreover, 
e
has a strong temperature
dependene (it follows mainly S(T )
2
). The absolute values of 
e
are less than 0.06.
After onsidering the lattie ontribution to the thermal ondutivity,  an be one
order of magnitude smaller than 
e
, beause the lattie ontribution to the thermal
ondutivity is at least one order of magnitude higher than the eletroni part.
Considering the values of  obtained here, one an say that the best-quality qua-
sirystals are not appropriate to be employed as thermoeletri devies. In fat,
i-Al-Pd-Re samples should have  values below 0.01 [Maia 01℄. Similarly, the re-
ently disovered binary Cd-Yb quasirystal present  values of the order of 0.012
at room temperatures (experimental values of the transport oeÆients has been
taken from [Pope 01℄).
Figure (9.4) shows that the highest  values are provided by approximants (see
the ase of i-Al-Cu-Fe) or by disordered (more ondutive) quasirystals (see the
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ase of i-Al-Cu-Ru). Finally, it is worth noting that it is hard to say, from the re-
sults presented here, if quasirystals are, or are not, good thermoeletri materials.
Muh more detailed studies in dierent quasirystals/approximants, under dierent
onditions, are neessary to answer this question.
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Chapter 10
Filtered eletroni wave funtions
and transport
Filtered eletroni wave funtions
In this hapter we present some eletroni wave funtions ltered at ertain energies.
These ltered wave funtions are obtained employing the TB-LMTO hamiltonian
and the lter tehnique (r-spae method, see appendix B.2) on a spherial 1000 atom
luster model of the i-Al-Cu-Fe 1/1 approximant (Cokayne model [Cokayne 93℄).
The onvergene of the lter proedure was disussed in appendix B, see gure (B.2).
The square amplitude per site in the orbital expansion of the eletroni wave fun-
tion is given by j
i
j
2
=
P
L
j
i;L
j
2
(the sum is performed over the L-orbitals, in this
ase 1s, 3p, and 5d orbitals). In gure (10.1) are presented the square amplitudes,
j
i
=
max
j
2
(
max
is the largest amplitude), of the wave funtion at the orresponding
energies. These square amplitudes are shown as spheres of dierent olors and radii.
For example, the red spheres indiate that the probability to nd the eletron in
that site is high.
Similar to the partiipation ratios, equation (6.1), we have two limiting ases: i)
When only one oeÆient 
k
is dierent of zero, then j
k
=
max
j
2
= 1 only for i = k,
otherwise zero (only one red sphere should be drawn). ii) When eah oeÆient

i
= 1=
p
N , then j
i
=
max
j
2
= 1 for all i (eah site is drawn with a red sphere).
The rst ase desribes a loalized
1
wave funtion. The seond ase, on the other
hand, desribes a wave funtion distributed homogeneously on all sites (extended
wave funtions).
Hene, one an see in gure (10.1) that the eletroni wave funtions are strongly
energy dependent around the Fermi energy. Far away from the Fermi energy, trends
toward extended wave funtions are observed. At the Fermi energy, high square
amplitudes are found at ertain sites, whih are not neessarily lose together. In
fat, a detailed analysis shows that high square amplitudes are plaed at the Fe
1
Remember that for approximants true loalization an not be found due to the periodiity of
the system.
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Figure 10.1: i-Al-Cu-Fe approximant, square amplitudes of eletroni wave funtions ltered
at dierent energies: a) 8.024 eV, b) 8.704 eV, ) 9.384 eV, d) 10.064 eV
(Fermi energy), e) 10.744 eV, f) 11.424 eV, and g) 12.104 eV. TB-LMTO basis
and lter tehnique applied to a spherial luster of the i-Al-Cu-Fe approximant
(Cokayne model, [Cokayne 93℄). The boxes are only guides for the eyes.
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sites. More preisely, the d-omponent of the square amplitudes at the Fe sites are
very high in omparison with other `-omponents and other sites, see gure (10.2).
It is worth noting that these ltered wave funtions do not follow ompletely the rys-
tal symmetry and periodiity of the approximant (the 1000 atom luster ontains
8 unit ells). This should be due to the initial state in the lter proedure, whih
is a random ombination of the TB-LMTO loal orbitals (see equation (B.41)). This
hoie, of ourse, does not onsider the periodiity of the approximant.
The partiipation ratios, alulated from equation (6.1) employing these ltered
eletroni wave funtions, are shown in gure (10.2). As expeted, at low energy
resolution, these results are qualitatively omparable with those obtained from the
LMTO-ASA superell method (.f. gure (6.5)).
Eletroni wave funtions (energies lose to the Fermi energy) with high amplitudes
only at the Fe-sites (as shown above) should explain qualitatively the high resistivity
and the strong omposition dependene of approximants/quasirystals. In fat, ele-
troni states with suh wave funtions have low diusivities (due to the d-orbitals)
providing high resistivities. Moreover, after inreasing the ontent of Fe atoms, the
number of sites of high wave funtion amplitudes inreases. Correspondingly, the
ondutivity inreases.
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Figure 10.2: i-Al-Cu-Fe approximant. Left: square amplitudes of the ltered wave funtions at
the Fermi energy. High amplitudes are plaed at the Fe-sites (see the atom-labels
at the bottom). Moreover, these amplitudes are mainly due to the d-omponent.
The atoms are numbered from the inner atom (1) to the most outer atom (1000),
in gure are shown only the 100 innermost (the dierent heights indiate the
type of the atom). Right: partiipation ratios around the Fermi energy obtained
from the ltered wave funtions.
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Eletroni transport
The eletroni diusivity an be alulated employing the TB-LMTO luster reur-
sion method and ltered wave funtions at the Fermi energy as explained in hapter
5. The state density is alulated from equation (5.21), the eletroni diusivity is
obtained from equation (5.27) employing ten dierent wave funtions at the Fermi
energy for the average, and the ondutivity is alulated from the Einstein relation,
equation (3.8).
Figure (10.3) shows the state density, inverse of the diusivity, and the spetral
resistivity. Spetral struture in the sale 100 meV an not be found. The reason
for this is two-fold. i) The loal atomi environments are terminated beyond 43
neighbors in the TB-LMTO hamiltonian (the inrease of neighbors does not provide
better results, this is due to the tight-binding harater of the Hamiltonian
2
). On
the other hand, as shown in hapter 6, spetral ne strutures are due mainly to
the Fe sub-system whih produe long-range eletroni interferenes. These length
sales are not reahed by the TB-LMTO Hamiltonian. ii) The number of reursion
oeÆients and the luster size employed are other fators that limit the energy
resolution of the results.
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Figure 10.3: i-Al-Cu-Fe approximant. a) spetral resistivity, b) inverse of the eletroni diu-
sivity, and ) state density obtained from the TB-LMTO luster reursion method
and ltered wave funtions (see text for details). The number of reursion oef-
ients employed are 10 for the diusivity, and 10, 20, and 30 for the s; p, and
d orbital-depending state densities, respetively. The terminator employed here
is there proposed by Beer and Pettifor [Beer 84℄ for the state density, and by
Luhini and Nex [Luhini 87℄ for the diusivity. The vertial line indiates the
energy (Fermi energy) where the eletroni wave funtion is ltered.
2
More preisely, the TB-LMTO struture onstants are short-ranged, see equations (B.27) and
(B.28). Hene, the inrease of neighbors will not improve the results onsiderably.
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At low energy resolution, the agreement with the LMTO-ASA superell method is
qualitatively good. The state density shows two peaks at 4 eV and 1 eV below to
the Fermi energy, whih are due to the Cu and Fe atoms, respetively. Around the
Fermi energy a wide pseudogap is also observed. The inverse of the diusivity and
the spetral resistivity an be desribed by a wide Lorentzian in similar form as for
the LMTO-ASA superell results (.f. gure (6.14)). The absene of a narrow peak
is expeted from the disussion above.
The absene of a resistivity peak at 4 eV below the Fermi energy (as seen in LMTO-
ASA superell results, gure (6.5)) is expeted beause of the lter proedure, whih
provides the eletroni diusivity at the ltered energy only, .f. equation (5.27).
A possible reason for the low resistivity at the Fermi energy (ompared with LMTO-
ASA superell alulations, see gure (6.5)) is the approximation employed for the
veloity matrix, equation (B.31), whih neglets the overlap of the TB-LMTO basis.
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Chapter 11
Summary and outlook
Summary
The present work deals with the inuene of spetral ne struture on the ele-
troni properties of quasirystals/approximants. In fat, onsidering spetral ne
strutures of the order of 100 meV, a onsistent explanation of the optial and
temperature dependent properties of iosahedral quasirystals ontaining transition
metals ould be ahieved.
It was shown that three sales are present in the state-density/spetral-ondutivity
of these materials: i) A wide pseudogap, sale 1 eV, is ommon to other phases
and is due to the Hume-Rothery mehanism of stability and hybridization eets.
ii) Spetral features of the order of 100 meV are responsible for the anomalous
eletroni transport properties of quasirystals/approximants. iii) Spikes (spetral
features of the order of 10 meV) arise from both, omputational limitations (small
number of k-points for Brillouin zone integrations) and elements of quasiperiodi-
ity. However, spikes disappear after simulating the inrease of the temperature by
Lorentzian level broadening. That means, they are not stable and do not ontribute
to the transport.
The similarity of the eletroni properties of approximants and quasirystals indi-
ates that extended quasiperiodiity
1
alone should not explain the eletroni prop-
erties of quasirystals. The right hemial order is also important. Therefore, in
the present work ab-initio methods, whih onsider also the hemial order, have
been employed to searh for spetral features that are able to explain the eletroni
transport properties of quasirystals/approximants. The idea is as follow: the ab-
initio spetral resistivity of small approximants are modeled by Lorentzians. Thus,
this model must onsider the important spetral features of the basi luster, its
deoration, and its arrangement in the unit ell. In view of a related quasirystal,
whih have similar loal order, the model parameters have been tted to a few reli-
able experimental data. Then, other experimental ndings an be explained within
this model. In fat, employing the Lorentzians model for the spetral resistivity,
1
It puts only attention to the quasiperiodiity by itself negleting the hemial deoration of
the dierent omponents, see hapter 5.
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equation (6.3), the temperature dependene of the ondutivity, the thermopower,
the Hall oeÆient, and the eletroni thermal ondutivity have been explained for
the iosahedral Al-Cu-Fe bulk quasirystal, see hapter 6.3.
Futhermore, the inverse Matthiessen rule, equation (3.1), ould be explained. It is
fullled for systems that have the same onstant slope of 
qm
b(") with respet to
the energy. 
qm
b(") desribes the hange of the spetral ondutivity on the quan-
tum mehanial energy sale (level spaing). The sign orrelations between the Hall
oeÆient and the thermopower, found in various quasirystals/approximants, an
also be onsidered by means of equation (6.5). Contrary to the Wiedemann-Franz
law, it was numerially shown that the Lorenz number depends strongly on both,
the temperature and the Fermi energy.
The origin of spetral features on the 100 meV sale, whih was modeled by a sim-
ple narrow Lorentzian on the spetral resistivity, is a result of long-range eletroni
interferenes of the transition metals. In fat, the Fe atoms (in the ase of i-Al-
Cu-Fe) build a Fibonai-like planar order in three perpendiular diretions whih
hinder the transport. After hanging the Fe atom positions, the Fibonai-like pla-
nar order is destroyed, and hene, the ne struture redues. That means, there is an
ideal transition metal onentration and deoration where the Fibonai-like planar
order is obtained. This explains the strong omposition dependene of the transport
properties. Moreover, these narrow features are related with anomalous diusion.
Indeed, it was shown that the transport regime in the narrow Lorentzian resistivity
peak must be sub-diusive. Correspondingly, Landauer/Buttiker alulations show
that for suh energies the resistane inreases exponentially with the length of the
sample. After hanging the deoration of the transition metal sub-system a (nearly)
ohmi-like behavior is found.
Comparing the spetral properties of approximants with Hume-Rothery rystals
(non-approximants), one nds that not only the amount of states but also the kind
of them are important for the transport. On other words, iosahedral quasirystals
ontaining transition metals are not Mott-like systems. As disussed in hapter 3.2,
in these ases the use of Kubo-Greenwood formulas is neessary.
A possible senario for the metal-insulator transition in the i-Al-Pd-Re quasirystal
was also disussed. To explain the temperature dependent ondutivity (below 100
K) of the more resistive samples a modied spetral ondutivity, whih ontains
a real gap, should be neessary. After hanging the Re onentration or inreasing
the temperature (above 100 K) the real gap loses to a pseudogap and the transport
an be explained by the usual Lorentzians model for the spetral resistivity.
The low frequeny optial ondutivity has also been explained by the presene of
spetral ne struture. Based on the Lorentzians model for the spetral resistivity,
we have modeled the optial ondutivity of quasirystals. The results are in good
agreement with experiments (see gure (8.2)). However, for high frequenies the
model is not more appliable: the strong hanging harater of the states for dier-
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ent energies (whih is not onsidered in equation (8.7)) beomes important.
Finally, in hapter 9 was also disussed the appliability of iosahedral quasirystals
as thermoeletri devies. The results presented here ould not provide a onlusive
answer to this question.
Outlook
In the following we omment on a few questions whih remain open and that an
be matter of further disussions in a next work.
A more omplete understanding of the ansatze for the spetral Hall ondutivity,
equation (6.2), and for the model for the optial ondutivity, equation (8.7), is
expeted. The validity and/or limitations of suh ansatze are given mainly ompar-
ing the results with experiments, however, a more realisti theoretial bakground
should be found.
A systemati study of the spetral properties of approximants of dierent orders is
urgently required. Thus, one ould nd harateristi spetral features that hange
their absolute values only after inreasing the order of the approximant, as expeted
in our resaling proedure for the Lorentzians model of the spetral resistivity. As
disussed in hapter 5, the LMTO-ASA superell ell method is limited to low order
approximants, and the TB-LMTO luster reursion method annot provide spetral
features of the order of 100 meV (see hapter 10). The muÆn-tin sattered-wave
method together with the reursion proedure an work with large lusters (of the
order of 5000 atoms) and an also provide ne spetral features as expeted for
quasirystals. Calulations in low order approximants show spetral features of this
order [Solbrig 00a℄.
Sine the proposal of the generalization of the Boltzmann-Gibbs statistis by Tsallis
[Tsallis 88℄, many authors have applied this new formalism to dierent situations,
where for instane, long-range interations, sub-diusive transport, and multifratal
behavior of the eletron are present (see [Tsallis 99℄ and referenes therein). These
features are typial for quasirystals/approximants, in this sense, it will be inter-
esting to test the inuene of Tsallis statisti on the transport oeÆients of qua-
sirystals. For instane, Oliveira shows [Oliveira 00℄ that under the Tsallis statistis
some quantities, suh as the spei heat, exhibit new terms (in omparison with
the usual Fermi-Dira statistis) after employing the Sommerfeld expansion.
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Appendix A
Transport parameters from the
linear response formulas
A.1 Kubo-Greenwood ondutivity
In the following we will present a brief derivation of the Kubo-Greenwood ondutiv-
ity based on [Mott 87℄. For rigorous dedutions the reader is referred, for instane,
to [Mahan 90, Nolting 97℄.
In the framework of the linear response theory for an eletron in an external eletri
eld, e^
z
Eos(!t), the Fermi golden rule provides the transition rate for one eletron
to make a transition from an initial state jii (energy "
i
) to a nal state jji (energy
"
j
) as,

ji
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2
jEj
2
jhjjzjiij
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)) ; (A.1)
where, "
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. The mean rate of energy loss is given by,
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where, f
i
is the Fermi-Dira distribution funtion (A.9) with energy "
i
. Hene,
inserting (A.1) into (A.2) and after some algebraial redutions one obtains,
P =
(
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2
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)
jEj
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; (A.3)
where, v is the z-omponent of the veloity operator.
On the other hand, Ohm's law gives P = 
1
(!)
jEj
2
(
 is the volume of the system),
then omparing with (A.3) the AC ondutivity an be expressed by,

1
(!) = 2
~e
2


Z
d"
(
X
i;j
jhjjvjiij
2

 
f
j
  f
i
~!

Æ("+ ~!   "
j
)
)
Æ(" "
i
) : (A.4)
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The prefator 2 onsider both spin-omponents. Considering that in the limit ! ! 0,
 (f
j
  f
i
)=(~!)!  (f="), the temperature dependene of the DC ondutivity
is given by,
(T ) =
Z
d"

 
f
"

b(") : (A.5)
b(") is the spetral ondutivity,
b(") = 2
~e
2


X
i;j
jhijvjjij
2
Æ("  "
i
)Æ("  "
j
) : (A.6)
In the limit T ! 0, we obtain  (f=") ! Æ("   "
F
), and from equation (A.5)
nally (0) = b("
F
), the spetral ondutivity at the Fermi energy.
A.2 Relation between the kineti and transport
oeÆients
Kineti oeÆients
Currents J
i
are a results of foresX
i
on the system. For example, an uniform eletri
eld, E, and a temperature gradient, rT , produe eletri urrents, density j, and
thermal urrents, density j
q
. Then, the response of a system to E and rT up to
linear order an be written (onsidering that there is no onentration gradient) as
[Callen 85℄,
j = L
11
E  
1
jejT
L
12
rT
j
q
=
1
jej
L
21
E  
1
e
2
T
L
22
rT :
(A.7)
The kineti oeÆients L
ij
are the key to alulate the transport oeÆients. The
Onsager relations speify that in the absene of a magneti eld L
12
= L
21
. However,
in general the Onsager relationships are not valid for any arbitrary hoie of urrents
and fores. A riterion for hoosing the fores and urrents has been given by de
Groot [de Groot 52℄. Following Mahan [Mahan 90℄, in a nonequilibrium proess,
there is a net generation of entropy, so that S=t > 0 (S is just the part of the
entropy whih is generated nonreversibly). If one requires that this be expressed as
S
t
=
X
i
J
i
X
i
;
then the Onsager relations are valid. This is the ase for equation (A.7).
The oeÆients L
ij
are orrelation funtions of urrent operators. They are obtained
using the Chester-Thellung-Kubo-Greenwood formulation of the linear response the-
ory [Chester 61, Kubo 57, Greenwood 58℄. For non-interating partiles, they are
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redued to,
L
ij
(T ) = ( 1)
i+j
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
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where
f("; ; T ) =
1
e
(" )=k
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T
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(A.9)
is the Fermi-Dira distribution funtion, and
(T )  "
F
  T
2
(A.10)
is the hemial potential with  = (
2
=6)[(dbn=d")=bn℄
"
F
k
2
B
[Ashroft 76℄.
Transport oeÆients
In the absene of rT , the ondutivity is the proportionality onstant between the
eletri urrent density and the eletri eld (Ohm's law). Thus, taking rT = 0 in
equation (A.7),
(T ) = L
11
(T ) : (A.11)
Note that equations (A.5) and (A.11) express the same result.
The eletri eld generated by a nite temperature gradient in an open iruit
is known as the Seebek eet. Thus, the proportionality onstant between the
eletri eld and the temperature gradient is alled the thermoeletri power or
thermopower. Taking j = 0 in equation (A.7),
S(T ) =
1
jejT
L
12
(T )
(T )
: (A.12)
Note that due to the temperature gradient, measures of the thermopower requires
of a referene sample whose thermopower is known. For instane, superondutors
an be employed (at low temperatures) for suh a measure beause they have zero
thermopower [Ashroft 76℄.
Fourier's law gives the relation between the thermal urrent density and the temper-
ature gradient, j
q
= K( rT ), where K is the thermal ondutivity. Thus, taking
j = 0 in equation (A.7), the eletroni part of the thermal ondutivity is written
as,
K(T ) =
1
e
2
T
L
22
(T )  T(T ) S(T )
2
: (A.13)
The Lorenz number, written as
L(T ) =
K(T )
T (T )
; (A.14)
should be temperature independent if the empirial Wiedemann-Franz law holds.
The validity of this law for quasirystals is analyzed in the present work.
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On the other hand, the magneto-transport is less learly understood. As yet, even
the question is not onlusively answered whether it an be explained as an on-
the energy-shell transport [Morgan 85, Itoh 92℄. In presene of a weak magneti
eld, B, the Hall oeÆient is phenomenologially dened as R
H
= 
xy
(B)=(B
2
)
[Cusak 87℄. However, the non-diagonal ondutivity (also alled Hall ondutivity),

xy
=B, is umbersome of handling [Morgan 85℄. A possible expression for the Hall
oeÆient is given by a Hall ondutivity, 
H
, whih depends of diagonal transport
quantities only (see equation (6.2)). Hene, one an write
R
H
(T ) =
1

2
(T )

H
(T ) =
1

2
(T )
Z
d" b
H
(")

 
f("; ; T )
"

: (A.15)
Finally, it is important to mention that all system-dependent features neessary to
alulate the transport oeÆients, equations (A.11)-(A.15), are provided by b("),
respetively, b
H
("). That means, omparisons between dierent materials should be
made at the level of their spetral properties.
Appendix B
Supplement of the employed
methods
B.1 LMTO-ASA superell method
KKR-ASA seular equation and energy independent basis
In the following, the Korringer-Kohn-Rostoker seular equation (5.7) will be ob-
tained after solving the Shrodinger equation (5.2) for a muÆn-tin potential (5.4)
within the atomi sphere approximation (S
R
= S
WS
R
).
The muÆn-tin potential divides the spae in the form shown in gure (5.1). Due to
the fat that the potential is spherially symmetri, it is useful to employ spherial
oordinates. In the same form, the solutions, alled partial waves, an be expressed
as 
RL
(r
R
; ")  
R`
(r
R
; ")Y
L
(r^
R
), whih is a produt of a radial, 
R`
, and angu-
lar, Y
L
(r^
R
) (spherial harmonis), part. Thus, the radial part of the Shrodinger
equation inside the sphere R (r < S
R
) an be written as,

 

2
r
2
 
2
r

r
+
`(`+ 1)
r
2
+ V
R
(r)  "


R`
(r; ") = 0 : (B.1)
This equation an be solved numerially. Three items are worth noting, i) equation
(B.1) must be solved selfonsistently with the muÆn-tin potential (5.4) whih is a
funtion of the harge density (5.3), ii) the energy " is a parameter whih is xed
to the eigenvalue of the system when the boundary onditions at the atomi surfae
S
R
are realized, and iii) the partial waves fulll the normalization ondition for the
radial amplitude,
R
S
R
0
dr r
2
j
Rl
(r; ")j
2
= 1, where 
R`
(r; ") / r
`
for r! 0.
Next one has to solve the Shrodinger equation in the interstitial region. However,
due to the ompliate shape of the interstitial region, this is not a straightforward
task. Eetive is to solve the Shrodinger equation in the absene of any atomi
sphere. Under the ASA, one puts the kineti energy in the interstitial region zero
and thus the problem redues to solve the Laplae equation, r
2
	(r) = 0. Hene,
the Laplae equation, entered at R and expressed in spherial oordinates, has two
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types of solutions: regular ones (Bessel funtion J
L
(r
R
)  J
`
(r)Y
L
(r^
R
)) and singu-
lar ones (Neumann funtion K
L
(r
R
)  K
`
(r)Y
L
(r^
R
)) aording to the asymptoti
behavior for r ! 0. Their radial parts are written as,
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
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`
; (B.2)
where w is usually the average Wigner-Seitz radius (5.5).
The expansion theorem [Andersen 84a, Skriver 84℄ give us the possibility to desribe
the irregular solution K
L
(r
R
), entered at R, as a ombination of regular solutions
J
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0
), entered at R
0
, in the following way,
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where the sum is performed for all R
0
6= R. Here S
0
R
0
L
0
;RL
are the so-alled anonial
struture onstants and are given by [Skriver 84, Turek 97℄,
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where the sum is limited to `-values for whih the ondition ` = `
0
+ `
00
is suessful.
The C
LL
0
L
00
are the Gaunt oeÆients and (2` + 1)!! = (2` + 1)(2`   1)!! with
( 1)!! = 1.
Now, the muÆn-tin orbital basis, MTO, dened in the whole spae, an be built as
a ombination of the partial waves and the regular solutions, N
0
RL
(")
RL
(r
R
; ") +
P
RL
(")J
RL
(r
R
), within the atomi sphere R. The funtion K
RL
(r
R
), entered at R,
is taken for the interstitial region, and for the other spheres the solution is given by
the expansion of equation (B.3). Thus, the muÆn-tin orbitals an be written as,
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Hene, the solution of the Shrodinger equation (5.2), in the MTO basis, an be
written as 	(r; ") =
P
RL

RL
(r
R
; ")a
RL
. After replaing the MTO basis (B.5), one
an see that this solution satisfy the Shrodinger equation, inside R
0
, only when the
oeÆients of J
R
0
L
0
(r
R
0
) vanish. This is known as the tail-anellation ondition and
gives the KKR-ASA seular equation (5.7),
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The mathing ondition of the partial waves with the radial parts of J
RL
andK
RL
, at
the atomi surfae S
R
, denes the potential funtion P
0
[Andersen 84a, Turek 97℄,
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=dr. Corresponding, the
normalization funtion N
0
is given by [Andersen 84a, Turek 97℄,
N
R`
(") = (2`+ 1)

w
S
R

`+1
1

R`
(S
R
; ")
1
` D
R`
(")
: (B.7)
The problems to treat the KKR-ASA seular equation omes from the non-linear
energy dependene of the potential funtion. Its linearization follows from equation
(5.10) (indies R` omited)
P
0
(")
 1
'

"  C
+  :
This is related to an energy linearization of the radial part of the partial wave
around some referene energy "
R`;
whih is hosen usually in the enter of the
oupied part of the valene state density of the orbital `. The linear muÆn-
tin orbitals are obtained after a Taylor expansion of the radial part of the par-
tial wave, 
R`
(r; ") = 
R`
(r; "

) +
_

R`
(r; "

)("   "
R`;
) + :::, and replaing K
`
(r)
and J
`
(r) by linear ombinations of the energy independent 
R`
(r; "

)  
R`;
and
_

R`
(r; "

) = [d
R`
(r; ")=d"℄


"="
R`;

_

R`;
, see equation (5.8).
Then, the potential parameters that linearize the potential funtion P
R`
(") are ob-
tained from the ondition that equations (B.6) and (5.10) oinide at the energy
" = "
R`;
up to the seond derivatives. The potential parameters are written as
[Andersen 84a, Andersen 85℄ (indies R` omited),
C = "

 


_


D[

℄ + `+ 1
D[
_


℄ + `+ 1
;
 =  
1
2S
R

S
R
w

2`+1
(
1
_


(D[
_


℄ + ` + 1)
)
2
; and
 =
1
2(2`+ 1)

S
R
w

2`+1
D[
_


℄  `
D[
_


℄ + `+ 1
;
(B.8)
where the logarithmi derivative is dened as D[f ℄ = [rf
0
=f ℄


r=S
R
with f
0
= df=dr.
Veloity matrix in the LMTO-ASA representation
The alulation of the Kubo-Greenwood spetral ondutivity, equation (3.5), re-
quires the LMTO-ASA eigenfuntions, 	
k;(i)
, and eigenvalues, "
k;(i)
, whih are ob-
tained after solving the eigenvalue problem. Finally, the matrix elements h	
k;(i)
jv
x
j	
k;(j)
i
must be evaluated.
Two ways are usually employed to obtain these veloity-matrix elements. One pos-
sibility is to replae the veloity operator by v
x
= i[H; x℄=~. Thereby follows the
alulation of Hamilton and position operators in the LMTO-ASA basis. Howev
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the matrix elements of the position operator an be determined only approxima-
tively [Bose 93℄. This position operator, equation (B.30), ontains a term, alled
dipol-term, whih is negleted (this will be disussed in appendix B.2). Moreover,
superell alulations give additional problems in the alulation of the position op-
erator: position-matrix elements of far a way atoms must be taken into aount, the
periodiity must be onsidered ompletely, as was pointed out in [Arnold 97℄.
A more advantageous way to alulate the veloity-matrix elements employs the
wave funtion as obtained from the superell LMTO-ASA,
j	
k;(i)
i =
X
BL
A
k;(i)
BL
j
BL;
i +B
k;(i)
BL;
j
_

BL;
i ; (B.9)
where the oeÆients A and B are obtained from equations (5.17) and (5.8). Thus,
the alulation of the veloity-matrix elements an be realized from atom-spheres
integrations [Hobbs 95, Arnold 97℄. Beause of the Bloh-periodiity it is only ne-
essary to alulate transitions of wave funtions with the same k vetors [Arnold 97℄.
Then, the integration is restrited only to the unit-ell volume, 

ell
, whih is used
instead of the system volume, 
, in equation (3.5).
As disussed by [Arnold 97℄, the analysis of the veloity-matrix elements prior to
the atomi sphere approximation shows that ertain surfae integrals of the atomi
polyhedra anel due to translation symmetry. Thus, following the notation of
[Arnold 97℄, the veloity elements an be written as (index k omited),
h	
(i)
jv
x
j	
(j)
i =
i
~
X
B
Z
[B℄
d
3
r 	

i
h
Hx  xH
i
	
j
=
i
~
X
B
Z
[B℄
d
3
r 	

i
Hx	
j
  x	
j
H	

i
+ ("
i
  "
j
)	

i
x	
j
=
X
B
1
2
Z
A[B℄
dA (e
x
r)
h
	

i
v	
j
  	
j
v	

i
i
+
~
2im
e
Z
A[B℄
dA e
x
	

i
	
j
("
i
  "
j
)
i
~
Z
[B℄
d
3
r 	

i
x	
j
;
(B.10)
where [B℄ and A[B℄, in the integrals, are the polyhedron volume and the polyhedron
surfae at the atom B, respetively. Arnold found that, employing periodi bound-
ary onditions, the surfae terms
R
dA e
x
	

i
	
j
anel out in the summation over
neighboring polyhedra. Hobbs et al. [Hobbs 95℄ ould not nd this anellation,
beause, they have used diretly the LMTO-ASA expansion of the wave funtion,
equation (B.9). Hene, with "
i
= "
j
(only states on the energy shell) equation (B.10)
redues to the rst term.
In dierene to the state density, for systems ontaining strong satterers (for in-
stane, Cu and Fe in i-Al-Cu-Fe), the ondutivity must be alulated inluding
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f orbitals. This is due to the veloity matrix elements, whih ontain derivatives
d=dr of the partial waves, equation (B.12). These derivatives require the additional
onsideration of angular-momentum with ` + 1 [Arnold 97℄.
In summary, and following Arnold, the veloity-matrix elements in the LMTO-
ASA are obtained after replaing (B.9) in (B.10). These elements are written as
[Arnold 97℄ (index k omited),
h	
(i)
jv
x
j	
(j)
i =
X
BLL
0

A
(i)
BL
A
(j)
BL
0
U
00
BLL
0
(e
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U
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0
(e
x
)
+B
(i)
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A
(j)
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0
U
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BLL
0
(e
x
) +B
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B
(j)
BL
0
U
11
BLL
0
(e
x
)

;
(B.11)
where (index B omited, SI-units)
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(B.12)
with the ASA-integral
M
;
0
``
0
=
Z
S
WS
0
r
2
dr


`;
(r)r

0

`
0
;
(r) ; (B.13)
n

`;
 [d
n

`;
=d"
n
℄


"="

, and m;n are equal 0 or 1.
Speial points for Brillouin zone integrations
Generally, spetral properties,
b
f("), of periodi systems are obtained on integrating
over the rst Brillouin zone,
b
f(") =
Z
1:BZ
d
3
k
(2)
3
=

f(k; ") : (B.14)
For instane, this problem appears in superell methods for the alulation of the
state density and the spetral ondutivity of a given system.
As a numerial problem, one wants to perform the integral (B.14) with the mi-
nor amount of k-points. The most ommon numerial proedures are the tetrahe-
dron method [Jepsen 71, Blohl 94℄ and the speial-point sheme [Baldereshi 73,
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Chadi 73, Monkhorst 76, Rogan 01℄. Comparisons between both methods are not
performed here, it goes beyond of the sope of this work.
Briey, the rst one determines the irreduible part of the Brillouin zone and divides
it into tetrahedra, where the values of the funtion f are known at the tetrahedron
orners k
i
. Thus, the integration for eah tetrahedron an be performed analytially
after linear interpolation of the funtion inside the tetrahedron.
The seond one is employed in the present work and will be desribed below. Beause
of f(k; ") is a Bloh funtion it an be expanded as a Fourier series,
f(k; ") =
b
f
0
(") +
1
X
m=1
b
f
m
(")A
m
(k) ; (B.15)
where (for ubi latties)
A
m
(k) =
1
2
3n
X
jtj=
e
ikt
for 0 <  < 2
n
a ; (B.16)
with a the lattie onstant, t the translation vetors, and n = 1; 2; 3; :::.
Replaing (B.15) into (B.14) one an see that, for any m, the integral of A
m
(k)
vanishes and we have
b
f(") =
b
f
0
("). However, the true integral an not be performed.
Approximately, one an write the integration (B.14) by a weighted sum over speial
k-points,
b
f(") '
X
k
w
k
f(k; ") : (B.17)
On the other hand, the substitution of (B.15), with M
(n)
as the upper limit of the
sum, into (B.17) gives
b
f(") '
X
k
w
k
b
f
0
(") +
M
(n)
X
m=1
b
f
m
(")
X
k
w
k
A
m
(k) : (B.18)
If M
(n)
is high enough, then the oeÆients
b
f
m
with m > M
(n)
beome negligible.
Hene, the speial k points and their weighting fators, for whih the sum over k is
1, are hosen to make

P
k
w
k
A
m
(k)

! 0 for all m  M
(n)
.
Hene, one searhes for the set of vetor fkg for whih
X
k
e
ikt
= 0 for 0 < jtj < 2
n
a : (B.19)
The solution of this problem are the speial k points, fk
(n)
g, given by Chadi and
Cohen [Chadi 73℄. For the ubi lattie, the sets fk
(n)
g with n = 1; 2; 3; ::: are
written as [Arnold 97℄ (e
i
are the unit vetors),
fk
(n)
g =


a
X
i=1;3
b
(n)
i
2
n
e
i

with odd b
(n)
i
2 ( 2
n
; 2
n
): (B.20)
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The odd oeÆients b
(n)
i
take all possible ombinations whih means 2
3n
vetors.
An additional redution was given by Chadi and Cohen [Chadi 73℄. It is obtained
from the restritions for A
m
(k), see equation (B.18). After employing the rystal
symmetry relations one an redue the set fk
(n)
g to a minimal set fK
(n)
g and
orresponding weighted-fators w
(n)
k
. They must full the relation
X
k2fK
(n)
g
w
(n)
k
X
jtj=
e
kt
= 0 for 0 <  < 2
n
a : (B.21)
For a given n, the number of non-equivalent weighted speial k points in the irre-
duible wedge of the ubi Brillouin zone is
M
(n)
= 2
n
(2
n
+ 2)(2
n
+ 4)=48 for n = 1; 2; 3; ::: : (B.22)
The physial meaning of suh restritions is learly revealed within the Green-
funtion approah to the state density [Arnold 97, Solbrig 00a℄: spurious features of
Unitcell
Figure B.1: The Green-funtion approah to the state density provides us the physial meaning
of the speial-point sheme [Arnold 97, Solbrig 00a℄: spurious features of the loal
density of states in a entral unit-ell are aused by open sattering paths (dot-
dashed lines) from beyond a surrounding (ubial) shell of (f2(2
n
 1)+1g
3
 1)
unit-ells. The open sattering paths from B + t to B, within this shell (dashed
lines), are eliminated in the speial-point sheme.
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the atomi sphere DOS in a entral unit-ell are aused by open sattering paths
from beyond a surrounding (ubial) shell of (n = 1; 2; 3; :::)
N
(n)
u
= f2(2
n
  1) + 1g
3
  1 (B.23)
unit-ells, see gure (B.1). The next shells of non-eliminated soures, for the open
sattering paths, lie at the distanes 2
n
a (6 soures),
p
2 2
n
a (12), and
p
3 2
n
a (8).
B.2 TB-LMTO luster reursion method
Struture onstants in the tight-binding LMTO basis
The sreening struture onstants, S

, an be obtained from the transformation,
(S
0
)
 1
    (S

)
 1
; (B.24)
or expliitly (Dyson equation),
S

RL;R
0
L
0
= S
0
RL;R
0
L
0
+
X
R
00
L
00
S

RL;R
00
L
00

R
00
`
00 S
0
R
00
L
00
;R
0
L
0
; (B.25)
where the anonial struture onstants, S
0
, are given by equation (B.4) and the
sreening parameters, whih are independents of R, are given in table (5.1). For
numerial treatments, the equation (B.24) an be rewritten as
S

= S
0
(1  S
0
)
 1
= 
 1

(
 1
  S
0
)
 1
  
	

 1
: (B.26)
Hene, the evaluation of these sreening onstants is redued to the alulation of
the inverse of the matrix (
 1
 S
0
) for eah site. Beause of the sreening onstants
vanish rapidly, the size of the matrix to be inverted is, for spd orbitals, N
nb
 9,
where N
nb
is the number of the neighbour atoms to be onsidered. Normally, one
takes N
nb
 20  50 atoms [Nowak 91℄.
Another way to obtain the sreening struture onstants is employing the universal
interpolation formula for the o-site (R 6= R
0
) elements of the struture onstants
[Sob 88℄,
S

RL;R
0
L
0
= A

``
0
m
exp

 

``
0
m
jR  R
0
j
w

; (B.27)
where w is the average Wigner-Seitz radius, (5.5), and the values of A
`;`
0
m
and 
`;`
0
m
are tabulated in [Andersen 87, Sob 88℄. Then, the on-site elements an be alulated
from the Dyson equation (B.25) for R
0
= R. Considering that the on-site anonial
struture onstant is zero (per denition), the Dyson equation (B.25) for the on-site
terms redues to,
S

RL;RL
00
=
X
R
0
L
0
S

RL;R
0
L
0

R
0
`
0
S
0
R
0
L
0
;RL
00
; (B.28)
where the o-site elements, S

RL;R
0
L
0
, are taken from (B.27).
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Position operator in the TB-LMTO representation
To alulate the eletroni diusivity, employing the reursion proedure, one needs
the omponent  of the veloity matrix, equation (5.27). A way to do it was
presented by Bose [Bose 93℄: taking  = x, the veloity operator is given by
v
x
= i[H; x℄=~ then, the matrix elements of the veloity operator in the TB-LMTO
representation ( = ) are,
(v
x
)

RL;R
0
L
0
=
i
~
X
R
00
L
00

H

RL;R
00
L
00
x

R
00
L
00
;R
0
L
0
  x

RL;R
00
L
00
H

R
00
L
00
;R
0
L
0

; (B.29)
where the matrix elements of the TB-LMTO Hamiltonian are obtained from (5.13).
The matrix elements of the position operator, x

RL;R
0
L
0
, an be written as [Bose 93℄,
x

RL;R
0
L
0
= h

RL
jxj

R
0
L
0
i
=
1
2
(x
RL
+ x
R
0
L
0
)O

RL;R
0
L
0
+ h

RL
j

x 
1
2
(x
RL
+ x
R
0
L
0
)

j

R
0
L
0
i ;
(B.30)
where x
RL
is the x-oordinate of the atomi nuleus R on whih the orbital L is
entered. The last term in (B.30), known as the dipole term, is negleted assuming
that it is small, see [Bose 93℄ and referenes therein.
Ignoring the non-orthogonality of the TB-LMTO basis, the overlap matrix is redued
to the unit matrix, O

RL;R
0
L
0
= h

RL
j

R
0
L
0
i  1. Thus, the veloity matrix is written
as (negleting the dipole term in (B.30)),
(v
x
)

RL;R
0
L
0

i
~
H

RL;R
0
L
0

x
R
0
L
0
  x
RL

: (B.31)
Bose showed that this approximation an not be suessfully applied for liquid tran-
sition metals [Bose 93℄. However, in the ase of the orthogonal LMTO basis ( = )
the overlap is, up to some auray, really the unit matrix, and equation (B.31) is
the matrix representation of the veloity operator.
Tridiagonalization: the Lanzos proedure
The reursion proedure [Haydok 80℄ transforms a symmetri (Hermitian) matrix,
H, into a tridiagonal form, T , employing the so-alled Lanzos basis, fjnig.
The rst state j1i  j'i must be hosen. It determines the expeted state density
projeted to j'i. In fat, the projeted state density, equation (5.21), is alulated
from the imaginary part of the Green funtion G
';'
("+ i) = ("+ i  T )
 1
, whih
is no more than a ontinued fration, equation (5.22).
Then, we onstrut the seond state j2i through
Hj1i = a
1
j1i+ b
1
j2i ; (B.32)
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where a
1
is determined applying h1j in (B.32) and imposing orthonormality (h1j1i =
1; h1j2i = 0). This yields,
a
1
= h1jHj1i : (B.33)
To obtain b
1
, the equation (B.32) is rewritten as,
b
1
j2i = Hj1i   a
1
j1i : (B.34)
Then, from (B.34) and requiring the normalization of j2i yields,
b
2
1
= h1j(H  a
1
I)
y
(H  a
1
I)j1i : (B.35)
From (B.34), the seond state is
j2i =
1
b
1

(H  a
1
I)j1i

: (B.36)
Note that following this onstrution j2i is normalized and orthogonal to j1i. The
general reurrene relation is given by (n = 2; 3; 4; :::),
Hjni = a
n
jni+ b
n
jn+ 1i+ b
n 1
jn  1i : (B.37)
Then (n = 2; 3; 4; :::),
a
n
= hnjHjni
b
2
n
=

hnj(H  a
n
I)
y
  hn  1jb
n 1

(H  a
n
I)jni   b
n 1
jn  1i

jn+ 1i =
1
b
n

(H  a
n
I)jni   b
n 1
jn  1i

:
(B.38)
The state jn+ 1i is normalized and orthogonal to jni and jn  1i.
Hene, the tridiagonal matrix, T , has the following form,
T =
0
B
B
B
B
B
B
B
B
B
B
B
B

a
1
b
1
b
1
a
2
b
2
b
2
a
3
b
3
.
.
.
b
n 1
a
n
b
n
.
.
.
.
.
.
1
C
C
C
C
C
C
C
C
C
C
C
C
A
: (B.39)
Filter tehnique
The lter method an be employed to obtain the eletroni wave funtion for a
speied energy, whih is normally the Fermi energy, "
F
. The lter is no more
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than an operator whih after applying to an arbitrary initial state, ji, the result is
another state. High quality lters hoose out of the arbitrary initial state the wave
funtions that are assoiated to the energy ": j	(")i  F (")ji. The proedure
proposed by Stein and Krey [Stein 80℄ is based on a modied reursion proedure
that an be employed diretly with the TB-LMTO Hamiltonian.
One wants to express the eletroni wave funtion as a ombination of Lanzos
states,
j	(")i  j	
opt
(")i+ j	i =
M
X
n=1

n
jni+
N
X
n=M+1

0
n
jni ; (B.40)
where j	
opt
(")i and j	i are the rst, respetively, the seond summation, and N
is the size of the Hamiltonian H.
An eetive proedure should requires that j	i ! j0i. Thus j	
opt
(")i an be
onsidered as a good approximation for the wave funtion. That means, only the
oeÆients 
n
for whih n  M  N will be required, i.e. (H   "I)j	
opt
(")i !
j0i for all n  M , see equation (B.42). Furthermore, the additional ondition
P
N
n=M+1
j
0
n
j
2
 1 must be fullled. The extreme ase should be given whenM = 1,
that means, j1i = j	(")i (the exat wave funtion) and 
1
= 1 (normalization). In
this ase all 
0
n
= 0 for all n 6= 1.
Expliitly, the proedure works as follow (for " = "
F
):
1) When there is no idea of the properties of the wave funtion, one an take a
random
1
state,
ji 
M
X
n=1

(1)
n
jni ; (B.41)
as starting state of the reursion algorithm, where 
(1)
n
are uniformly dis-
tributed random numbers between [-1,1℄. Another possible eletion is 
(1)
n
=
exp(i
n
) with 
n
uniformly distributed random numbers between [0; 2). Both
eletions yield similar results. Then, this initial state, ji, must be normalized.
2) Employing the onditions of orthogonality of the Lanzos states, hnjn
0
i = Æ
nn
0
,
and the ondition that
jÆi  (H  "
F
I)ji = j0i ; (B.42)
for all n  M , one gets the new oeÆients, 
(2)
n
. In general, for the step (i),
the oeÆients are determined from equation (B.42). The result is

(i)
1
= 1

(i)
2
= ("
F
  a
1
)
1
=b
2

(i)
n
= ( b
n 1

n 2
+ ("
F
  a
n 1
)
n 1
)=b
n
for 3  n M ;
(B.43)
1
This random state is a weighted ombination of Lanzos states, jni, orrespondingly a weighted
ombination of the TB-LMTO loal orbitals, see equation (5.25). The weights are here the 
(1)
n
oeÆients, see equation (B.41).
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where the oeÆients a
n
and b
n
are given by the normal reursion proedure,
equation (B.38).
3) The new set of oeÆients, f
(i)
n
g, are used to build the new wave funtion
in the same way as equation (B.41). Then, M is replaed by M   1. This is
beause one hopes that the new wave funtion is more in agreement with the
orret wave funtion (see the disussion above of the extrem ase for M = 1).
Thus, at the end, one an expet that j1
(M)
("
F
)i = j	
opt
("
F
)i  j	("
F
)i.
4) Finally, the steps 2) and 3) are repeated until the wave funtion is ltered into
the energy "
F
.
The wave funtion is ltered at the energy "
F
after employing equation (B.43) with
"
F
. The use of other energy gives only a wave funtion ltered at that energy.
Hene, the ltered wave funtion after M iterations an be written as (in vetorial
form),
j	
opt
("
F
)i = j1
(M)
("
F
)i = (
R
1
L
1
; 
R
2
L
2
; : : : ; 
R
N
L
N
)
y
(B.44)
where 
RL
are the oeÆients of the wavefuntion in the TB-LMTO basis. They are
vetors of length 9 (for 1s; 3p; 5d orbitals), 
RL
= (
Rs
; 
Rp
x
; 
Rp
y
: : :)
y
.
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Figure B.2: Testing the ltered wave funtion. As expeted from equations (B.45), (B.46),
and (B.47), the oeÆient a
(M)
1
! "
F
, (b
(M)
1
)
2
! 0, and the state density
projeted onto the ltered wave funtion (j'i = j	("
F
)i) goes to Æ("  "
F
). As
seen, in this ase the wave funtion was ltered at the Fermi energy.
The good onvergene of the lter tehnique an be tested assuring that,
h	
opt
("
F
)jHj	
opt
("
F
)i = a
(M)
1
 "
F
; (B.45)
or
h	
opt
("
F
)j(H  a
1
I)
y
(H  a
1
I)j	
opt
("
F
)i = (b
(M)
1
)
2
 0 : (B.46)
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In the lter proedure the values a
(i)
1
and b
(i)
1
an be interpreted as the utuations
around the hosen energy and the standard deviations from it at the step (i), re-
spetively. Then, the energy window " around "
F
(the energy at whih the wave
funtion is ltered) is 2b
(i)
1
. That means, in the ideal ase the density of states
projeted onto j'i = j	
opt
("
F
)i is (see equation (5.21)),
bn
'
(") =   lim
!0

(1=) Im G
';'
("+ i)
	
= Æ("  "
F
) : (B.47)
However, for numerial alulations one employs a xed nite  6= 0. This gives,
employing (5.22), a Lorentz funtion, entered at a
(M)
1
 "
F
, width 2, in the pro-
jeted state density (B.47) (remember that after the nal step in the lter tehnique
all oeÆients, exept a
(M)
1
, must go to zero). Futhermore, due to the small but
non-zero b
(M)
1
, the shape and width of this Lorentzian should be modied.
Figure (B.2) shows a onvergene test of a wave funtion ltered at the Fermi
energy. As expeted from equations (B.45), (B.46), and (B.47), the oeÆient
a
(M)
1
! "
F
, (b
(M)
1
)
2
! 0, and the state density projeted onto the ltered wave
funtion (j'i = j	("
F
)i) goes to Æ("  "
F
). These tests show that suh wave fun-
tion has reahed onvergene.
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Appendix C
3D Penrose tiling approximant
and its hemial deoration
C.1 Rational approximants
Approximants of the quasirystal (in this ase the iosahedral Penrose tiling) are
obtained after hanging the irrational value of the slope 

, also alled golden mean,
by a rational one in the ut-and-projet method (see hapter 2). This hange modify
the aeptane domain in P
?
(

! 

n
), equation (2.4), and hene the atomi posi-
tions in the physial spae. These new atomi positions form a periodi struture,
also alled rational approximant.
The approximation of 

is given as a series of 1/1, 2/1, 3/2, 5/3, : : : . This series
is given as 

n
 F
n+1
=F
n
, where F
n+1
= F
n
+ F
n 1
, with F
0
= F
1
= 1, and F
n
is
alled the Fibonai number. In the limit n!1, 

n
! 

= (
p
5 + 1)=2.
These approximant strutures present the following properties: i) approximants are
ompounds of a ommensurable struture, ii) when 

n
is very lose to  both, the
quasiperiodi and the periodi, strutures are very similar (espeially the loal or-
Table C.1: Strutural parameters of rational Penrose tiling approximants. N
i
is the number of
atoms in the unit ell obtained employing the ut-and-projet method (see hapter
2) and N
a
is the number of atoms in the unit ell with realisti distanes.
Approximant lattie
struture onstant N
i
N
a


n

A
1/1 7.5564 32 25
2/1 12.2266 136 98
3/2 19.7830 576 434
5/3 32.0095 2440 1825
8/5 51.7925 10319
der remain the same), and iii) approximants an also be obtained by interhanging
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atomi sites (phason ips) in the quasirystalline struture.
Table (C.1) present the struture parameters of the ve low order ubi approximants
of the iosahedral Penrose tiling. N
i
is the number of atoms obtained employing the
ut-and-projet method.
Really, the lusters that we obtain possess pair of atoms with unphysially short
distanes. These short distanes do not permit alulations of the eletroni prop-
erties in an ab-initio way. Therefore, to perform these alulations we take out
those unphysial atomi positions (N
a
in table (C.1) is the number of atoms without
unphysially short distanes). Thus, the strutures presented here an be onsid-
ered as test-strutures, beause there are dierent manners to eliminate these short
distanes (e.g. Monte-Carlo or moleular dynami relaxations).
C.2 Chemial deoration and spetral results
The eletroni properties of the approximants depend of the hemial deoration. To
prove this, we deorate the two low order rational approximants of the iosahedral
Penrose tiling in three dierent ways. The vertexes of the tiling are deorated with
Al atoms or Fe atoms only. The third deoration, Al-rih-Fe, is a more realisti two
omponent system (the Fe atoms are plaed on the iosahedron entre).
Figure (C.1) shows the state density and spetral resistivity of low order approx-
imants for three dierent deorations (as explained above). One-omponent de-
0
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Figure C.1: Spetral properties of the 1/1 and 2/1 approximants of the iosahedral Penrose
tiling. The tiling-vertexes are deorated with Al atoms (dashed), Fe atoms (dots),
or Al/Fe atoms (solid), see text for details. The spetral resistivity (top) and state
density (bottom) are alulated employing the LMTO-ASA superell method and
the Kubo-Greenwood formula (see hapter 5).
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orations (Al or Fe atoms) annot explain the trends found experimentally for the
eletroni properties. In fat, for the aluminium (weak satterer) deorated ap-
proximants, the resistivity is very low, and for the iron (strong satterer) deorated
approximants, the state density is very high.
On the other hand, the two-omponent model provides state densities whih or-
respond to experiments (see for instane [Stadnik 99℄). The pseudogap around the
Fermi energy is sensitive to the hemial deoration. For the 2/1 approximant, the
resistivity arise values of 150 
m whih is three times higher than the resistivity
of the 1/1 approximant.
One an also see that the amount of states alone annot explain the high resistivi-
ties. The kind of the states (expressed in the eletroni diusivity, or partiipation
ratios) is also important. For example, the aluminium and Al-rih-Fe deorated
models have (nearly) the same state density but very dierent resistivities around
the Fermi energy.
Finally, as expeted, the resistivity inreases after inreasing the order of the ap-
proximant. If the orret hemial deoration is given then, this inrease is faster.
Therefore both, struture and hemial deoration, are important to desribe the
eletroni properties of approximants/quasirystals.
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Appendix D
Strutural parameters of low order
approximants
The employment of realisti approximant models, whih provide the right struture
and hemial deoration, are important to explain the anomalous properties of ap-
proximants (quasirystals), as diussed in hapters 6 and 7. Hene, approximant
models obtained from dierent experimental works in struture renement were em-
ployed in the present work.
The rystallographi data of the i-Al-Cu-Fe approximant is given in table (6.1), de-
tails of the struture are given in hapter 6. The -Al-Cu-Ru approximant is based
on a simple ubi arrangement of dodeahedral atom lusters. There are 248 atoms
per unit ell, the rystallographi data is given in table (D.1). The -Al-Pd-Mn-(Si)
approximant is based on a Bergman luster with ve atomi shells. There are 123
atoms per unit ell, the rystallographi data is given in table (D.2). The -Al-
Mn-(Si) approximant is based on a b arrangement of MaKay iosahedron atom
lusters. The Elser-Henley model [Elser 85℄ is formed by 114 Al, 24 Mn, and 14 voids
(the rystallographi data is given in table (D.3)). Here, the voids are eliminated by
Monte-Carlo relaxation of the Al glue at 3000 K (Morse potentials [Mihalkovi 96℄).
In the present work, we will not distinguish Si atoms from Al atoms.
It is worth noting that some positions of several approximants are oupied/deorated
with probabilities less than one. However, ab-initio eletroni struture alulations
require ompletely determined atomi positions. Hene, when the oupation prob-
ability of an atomi site is less than 0.5, the atom is taken out. In this sense,
the approximants used here are not ompletely equivalent than the proposed in the
experimental works: the dierenes are onsidered negligible.
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Table D.1: Strutural parameters of the -Al-Cu-Ru approximant of the i-Al-Cu-Ru
[Sugiyama 98b℄: Lattie onstant a = b =  = 15:38

A, and Spae Group Fm3.
Atom types, symmetry sites, and oordinates (x,y,z) in (a,b,)-units are presented.
Atom Site x/a y/b z/ Atom Site x/a y/b z/
Cu(1) 4a 0.000 0.000 0.000 Cu(2) 32f 0.095 0.095 0.095
Ru(1) 4b 0.500 0.500 0.500 Ru(2) 48h 0.000 0.853 0.253
Al(1) 8 0.250 0.250 0.250 Al(3) 96i 0.096 0.251 0.342
Al(2) 24e 0.187 0.000 0.000 Al(4) 32f 0.404 0.404 0.404
Table D.2: Struture parameters of the -Al-Pd-Mn-(Si) approximant of the i-Al-Pd-Mn
[Sugiyama 98a℄: Lattie onstant a = b =  = 12:281

A, and Spae Group Pm3.
Atom types, symmetry sites, and oordinates (x,y,z) in (a,b,)-units are presented.
From the 6 symmetri positions of Al(9), we take into aount only the rst three
symmetri positions, in order to avoid unphysially short distanes.
Atom Site x/a y/b z/ Atom Site x/a y/b z/
Pd(1) 1b 0.500 0.500 0.500 Al(3) 8i 0.191 0.191 0.191
Pd(2) 6f 0.196 0.000 0.500 Al(4) 12k 0.500 0.391 0.307
Pd(3) 8i 0.308 0.308 0.308 Al(5) 12k 0.500 0.180 0.228
Mn(1) 6g 0.321 0.500 0.000 Al(6) 12j 0.000 0.308 0.123
Mn(2) 12j 0.000 0.107 0.175 Al(7) 12j 0.000 0.191 0.349
Al(1) 1a 0.000 0.000 0.000 Al(8) 24l 0.332 0.114 0.379
Al(2) 6h 0.104 0.500 0.500 Al(9) 6g 0.052 0.500 0.000
Table D.3: Struture parameters of the -Al-Mn-(Si) approximant of the i-Al-Mn-Si
[Villars 91℄: Lattie onstant a = b =  = 12:68

A, and Spae Group Pm3. Atom
types, symmetry sites, and oordinates (x,y,z) in (a,b,)-units are presented.
Atom Site x/a y/b z/ Atom Site x/a y/b z/
Al(1) 6e 0.364 0.000 0.000 Al(6) 12k 0.500 0.334 0.399
Al(2) 6f 0.290 0.000 0.500 Al(7) 12k 0.500 0.121 0.118
Al(3) 6h 0.122 0.500 0.500 Mn(2) 12k 0.500 0.180 0.309
Al(4) 12j 0.000 0.164 0.100 Al(8) 24l 0.119 0.190 0.298
Al(5) 12j 0.000 0.332 0.404 Al(9) 24l 0.390 0.313 0.196
Mn(1) 12j 0.000 0.327 0.201
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